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Abstract 
The mathematical models of relaxing media with a structure for describing nonlinear long-wave 
processes are explored. The wave processes in non-equilibrium heterogeneous media are studied 
in terms of the suggested asymptotic averaged model. On the microstructure level of the medium, 
the dynamical behavior is governed only by the laws of thermodynamics, while, on the macrolevel, 
the motion of the medium can be described by the wave-dynamical laws. It is proved rigorously 
that on the acoustic level, the propagation of long waves can be properly described only in terms 
of dispersive dissipative properties of the medium, and in this case, the dynamical behavior of the 
medium can be modeled by a homogeneous relaxing medium. At the same time, the dynamical 
behavior of the medium cannot be modeled by a homogeneous medium even for long waves, if 
they are nonlinear. For a finite-amplitude wave, the structure of medium produces nonlinear ef-
fects even if the individual components of the medium are described by a linear law. The hetero-
geneity of the structure of medium always introduces additional nonlinearity. It is shown that the 
solution of many problems for multi-component media with incompressible phases can be ob-
tained through the known solution of a similar problem for a homogeneous compressible medium 
by means of the suggested transformation. It is not necessary to solve directly the problem for the 
medium with incompressible component, and it is sufficient just to transform the known solution 
of the similar problem for a homogeneous medium. The scope for the suggested transformation is 
demonstrated by the reference to the strong explosion state in a two-phase medium. The special 
attention is focused on the research of blast waves in multi-component media with thermal relax-
ation. The dependence of the shock damping parameters on the thermal relaxation time is ana-
lyzed in order to provide a deeper understanding of the damping of shock waves in such media 
and to determine their effectiveness as localizing media. This problem attracts the interest also in 
view of the practical possibility to estimate the efficiency of medium for damping the shock wave 
action. To find the nature of the relaxation interaction between the components of medium and to 
estimate the attenuation of shock waves generated by solid explosives, we have studied experi-
mentally both the velocity field of shock waves and the pressure at front in an air foam. The com-
parison of experimental and theoretical investigations of the relaxation phenomena which ac-
company the propagation of shock waves in foam indicates that within the scope of relaxation hy-
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drodynamics it is possible to explain the observed phenomena and estimate the efficiency of me-
dium as localizer of the shock wave action. 
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1. Introduction 
Natural media are not structureless. The experiments have shown that the intrinsic structure of a medium 
influences the wave motions [1]-[7]. Existing inhomogeneities complicate the problem and, at the same time, are 
fully manifested under the propagation of nonlinear waves. 

The wave processes in heterogeneous media are usually described in terms of more or less complicated mod- 
els. Under the conditions of local equilibrium, the media are traditionally modeled irrespective of their structure. 
In the framework of continuum mechanics, the known idealization of a real medium as a homogeneous one has 
been fairly successive in the description of wave processes (see, for instance, [8]-[10]). The continuum models 
are commonly applied to the mixtures whose dispersive dissipative properties are treated with regard for the in- 
teractions between the components [11]-[15]. On this level the media are modeled in the framework of a homo- 
geneous elastic, viscous elastic, and elastic plastic medium [12] [16]. In this case the features of the structure in 
medium are taken into account indirectly through the kinetic parameters (relaxation time, viscous coefficients 
etc.) [3] [4] [9] [11]-[16]. 

The model of multivelocity interpenetratable continua was developed in terms of classical continuum 
mechanics [17] and statistical physics [18] in order to describe the dynamical behavior of multi-component 
media. A fundamental assumption in the theory of mixtures [15] reproduces the assumption in the model of 
multivelocity interpenetratable continua [17]; namely that each micro-volume dv  is occupied by a particle of 
each constituent. The equations of motion for each component involve the terms describing the mass, force and 
energy interactions between the components. The problem is complicated by the necessity to employ, in the 
general case, the experimental data for establishing theoretical relations between the macroparameters at the 
component interaction level. Moreover, if the component interaction is determined, these models would be 
indispensable in the theory of multi-component media. 

In all the models mentioned, the formalism of continuum mechanics is based on the principle of local action 
as well as on the generalization of the mechanics laws relating the point mass to the continuum [10]. 

When going from the integral equations to differential balance equations, the existence of a differentially 
small microvolume dv  is assumed. On the one hand, this volume is so small that the mechanics laws of the 
point can be extended to the whole microvolume. On the other hand, the volume contains so many structural 
elements of the medium that, in this sense, it can be regarded as macroscopic one in spite of its smallness as 
compared to the entire volume occupied by the medium. So, the passage to the differential balance equations is 
based on the assumption that microstructural scales ε  are small as compared to the characteristic macroscopic 
scale of the λ , and the passage should be made to the limiting case 0ε λ → . Contraction of the volume dv  
to the point in the general case is correct for continuous functions [10] [15]. This means that all points within the 
differentially small volume are equivalent. Hence, for the case of a mixture, the equivalence of the points 
implies that field characteristics should be averaged over dv . Hence, it is assumed that the equations of motion 
can be written in terms of average density, mass velocity, and pressure of each individual component. We note 
that these models do not contain explicit sizes of components. 

The application of the models of a homogeneous medium to the description of the dynamical wave processes 
in a structured natural medium is associated with certain fundamental difficulties [2] [3] [6] [7] [16]. In what 
follows we treat the structure of medium at the macrolevel. We abandon the assumption that the differentially 
small volume dv  contains all the components of the medium, nevertheless we consider the longwave approach 
with the wavelength λ  much greater than the characteristic length of the structure in medium ε . We consider 
a structured medium (Figure 1) in which separated components are considered as a homogeneous medium (the 
differentially small volume dv  is much smaller than the characteristic size of a particular component ε ). 
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Figure 1. Model of the layered medium with two homogeneous components 
in period.                                                          

 
We describe the wave processes in non-equilibrium heterogeneous media in terms of an asymptotic averaged 

model [19]-[23]. In this case the obtained integral differential system of equations cannot be reduced to the 
average terms (pressure, mass velocity, specific volume) and contains the terms with characteristic sizes of 
individual components. 

On the microstructure level of the medium, the dynamical behavior is governed only by the laws of thermo- 
dynamics. On the macrolevel, the motion of the medium can be described by the wave-dynamical laws for the 
averaged variables with the integrodifferential equation of state containing the characteristics of the medium 
microstructure. A rigorous mathematical proof is given to show that on the acoustic level, the propagation of 
long waves can be properly described only in terms of dispersive dissipative properties of the medium, and in 
this case, the dynamical behavior of the medium can be modeled by a homogeneous relaxing medium. However, 
finite-amplitude long waves respond to the structure of the medium in such a way that the homogeneous me- 
dium model is insufficient for the description of the behavior of the structured medium. An important result that 
follows from this model is that, for a finite-amplitude wave, the structure of medium (in particular, existence of 
microcracks) produces nonlinear effects even if the individual components of the medium are described by a li- 
near law. 

We have considered averaged systems of hydrodynamical equations in both Lagrangian and Eulerian coordi- 
nates. These systems are not expressed in the average hydrodynamical terms; hence the dynamical behavior of 
the medium cannot be modeled by a homogeneous medium even for long waves, if they are nonlinear. The 
structure of the medium influences the nonlinear wave propagation. The heterogeneity of the structure of me- 
dium always introduces additional nonlinearity that does not arise in a homogeneous medium. 

We suggest a transformation that enables one to reduce, with certain accuracy (the transformation is exact for 
planar symmetry as well as for stationary flows), the known solutions of gas-dynamic problems to the two-phase 
media with arbitrary volume portion of incompressible components. 

This transformation enables one to obtain the solution of many problems for multi-component media with in-
compressible phases from the similar problem for perfect gas. In this case it is not necessary to solve directly the 
problem for the medium with incompressible component, and it is sufficient just to transform the known solu-
tion of the similar problem for a homogeneous medium. Thus, the solutions of many hydrodynamical problems 
for multi-component media with incompressible phases can be obtained without solving the initial system of 
equations. The scope for the suggested transformation is demonstrated by the reference to the strong explosion 
state in a two-phase medium. 

The features of the dynamical behavior of two-component media with interphase interaction will be consi-
dered by solving a problem associated with the strong explosion stage. This problem attracts the interest also in 
view of the practical possibility to estimate the efficiency of medium as the localizer of shock wave action. The 
attenuation of shock waves in a gas-liquid foam generated by condensed explosive charges will be described in 
terms of a relaxed transfer of heat from the gas phase to the condensed phase. The problem is how to de-
scribe/find the dependence of the flow behind the shock front on the thermophysical properties of the medium 
and the completeness of relaxation processes. We will analyze the dependence of the shock damping parameters 
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on the thermal relaxation time in order to provide a deeper understanding of the damping of shock waves in such 
media and to determine their effectiveness as localizing media. Besides, it is of interest to define the dependence 
of shock wave attenuation on the shock loading, especially on the explosion energy. 

2. Asymptotic Averaged Model for Structured Medium 
The current status of experimental researches demands to develop the models of dynamical behavior of media 
with account of their inner structure. The real media are not structureless. For example, the geophysical medium 
has a complicated hierarchical structure. It turns out that the ratio of typical sizes between the neighboring 
hierarchical levels is a constant value [5] [6]. The inner structure of a medium affects the propagation of waves. 
Fast high-gradient processes, such as earthquakes, explosions, etc., lead to irreversible processes [6] [7]. 

Within continuum mechanics [24] the known idealization of a real medium as homogeneous has a wide 
application to model their dynamic behavior. Traditionally, it was considered that in heterogeneous media with 
wavelength appreciably exceeding the size of the structural heterogeneities, the perturbations propagate in the 
same way as in homogeneous media [8] [9] [15]. However, this statement should be proved, and we shall show 
that this approximation is not universally true. 

The properties of a medium deviate from the equilibrium state under the propagation of intensive waves. 
Moreover, an unperturbed medium can be in one of unstable stationary states. So, a geophysical medium, within 
a current physical concept, is an open thermodynamic system, which essentially influences on the exchanges of 
energy and mass. Thus, a description of open systems should take into account the peculiarities of their inner 
structure, dynamical processes occurring on the level of structural elements. What is more, the state of media 
under the action of high-frequency wave perturbations departs from equilibrium, and, thus, the behavior of 
media can not be described in the framework of equilibrium thermodynamics. Consequently, there is necessity 
to develop the new mathematical models in order to take into account the nonlinear wave perturbations and 
irreversible inner exchange processes. 

2.1. Background and Initial Equations 
The simplest heterogeneous media for which the effect of the structure can be analyzed are media with a regular 
structure. Features of the propagation of long wave perturbations will be investigated by using as an example, a 
periodic medium under conditions of an equality of stresses and mass velocities on the boundaries of neighboring 
components. It is supposed that the microstructure elements of medium dv  (see Figure 1) are large enough 
that it is possible to submit to the laws of classical continuum mechanics for each individual component. At the 
same time the inner processes in each component will be considered within a relaxation approach. The notions 
based on the relaxation nature of a phenomenon are regarded to be promising and fruitful. We consider that the 
properties of the medium, such as density, sound velocity and relaxation time vary in a periodic manner 
(although this assumption is unessential in the final result). 

2.1.1. Motion Equations for Individual Component 
The analysis of wave motions is based on the hydrodynamic approach. This restriction can be imposed for the 
modeling of nonlinear waves in watersaturated soils, bubble media, aerosols, etc. [12] [13]. The set of 
acceptable media could be extended to solid media where the powerful loads are studied in the condition that the 
strength and plasticity of the material can be neglected [25]. In the hydrodynamic approach we have considered 
the media without tangential stresses while there are equalities of the stresses as well as of mass velocities on 
boundaries of neighboring components. Also, we assume that the medium is barothropic. The individual compo- 
nents of the medium are considered to be described by the classical equations of hydrodynamics. In the 
Lagrangian coordinate system ( ),l t  the equations of one-dimensional motion for each individual component 
have the form  

0
1

0

, ,

0.

r V ru
V tl

u r pV
t l l

ν

ν

ν −

∂ ∂
= =

∂∂

∂ ∂ + = ∂ ∂ 

                               (2.1.1) 
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The equation of continuity can also be used in the alternative form  
1

0 0.V r uV
t l

ν

νν
−∂ ∂

− =
∂ ∂

                             (2.1.2) 

Here 1V ρ−=  is the specific volume, ν  is a parameter of symmetry, where 1ν =  is planar symmetry, 
2ν =  is cylindrical one, 3ν =  is spherical one; the index 0 relates to the initial state. The other notations are 

those that are generally accepted. 
Conditions for matching are the equality of mass velocities and pressures on the boundaries of the 

components  

[ ] [ ]0, 0.u p= =                              (2.1.3) 

2.1.2. Dynamic State Eqution 
Considering the models of a relaxing medium as more general than the equilibrium models for describing the 
evolution of high-gradient waves, we will take into account the relaxing processes for each component. 
Thermodynamic equilibrium is disturbed owing to the propagation of fast perturbations in a medium. There are 
processes of the interaction that tend to return the equilibrium. The parameters characterizing this interaction are 
referred to as the inner variables unlike the macroparameters such as the pressure p, mass velocity u , and 
density ρ . In essence, the change of macroparameters caused by the changes of inner parameters is a 
relaxation process. From the nonequilibrium thermodynamics standpoint, the models of a relaxing medium are 
more general than the equilibrium models for describing the wave propagation. 

An equilibrium state equation of a barothropic medium is an one-parameter equation. As a result of relaxation, 
an additional variable ξ  (inner parameter) appears in the state equation. It defines the completeness of the 
relaxation process  

( ), .p p ρ ξ=                                  (2.1.4) 

There are two limiting cases:   
(i) the lack of the relaxation (inner interaction processes are frozen) 1ξ = ,  

( ) ( ),1 ,fp p pρ ρ= =                              (2.1.5) 

(ii) the relaxation complete (there is the local thermodynamic equilibrium) 0ξ = ,  

( ) ( ),0 .ep p pρ ρ= =                              (2.1.6) 

The state Equations (2.1.5) and (2.1.6) are considered to be known. These relationships enable us to introduce 
the sound velocities for fast processes  

2 d df fc p ρ=                                  (2.1.7) 

and for slow processes  
2 d d .e ec p ρ=                                  (2.1.8) 

The slow and fast processes are compared by means of the relaxation time pτ . The dynamic state equation is 
written down in the form of the differential first-order equation  

( )2d d 0.
d dp f e

pc
t t
ρτ ρ ρ− − + − = 

 
                           (2.1.9) 

The equilibrium equations of state are considered to be known  

0

2
0 d .

p

e e
p

c pρ ρ −− = ∫                                (2.110) 

Clearly, for the fast processes ( )1pωτ   we have the relation (2.1.5), and for the slow ones ( )1pωτ   we 
obtain (6). 

The substantiation of Equation (2.1.9) within the framework of the thermodynamics of irreversible processes 
has been given in [24] [26]-[28]. As far as we know the first work in this field was the article by Mandelshtam 
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and Leontovich [29] (see also Section 81 in [24]). We note that the mechanisms of the exchange processes are 
not defined concretely when deriving Equation (2.1.9), and the thermodynamic and kinetic parameters appear 
only in this equation. These characteristics can be found experimentally. 

The phenomenological approach for describing the relaxation processes in hydrodynamics has been 
developed in many publications [12] [13] [24] [27]. The dynamic equation of state was used (a) for describing 
the propagation of sound waves in a relaxing medium [24], (b) for taking into account the exchange processes 
within media (gas-solid particles) [27], (c) for studying wave fields in gas-liquid media [12] and in soil [13]. In 
most works, the equation of state has been derived from the concept of concrete mechanism for the inner process. 
Within the context of mixture theory, Biot [11] attempted to account for the non-equilibrium in velocities 
between components directly in the equations of motion in the form of dissipative terms. 

We assume that the relaxation time and sound velocities do not depend on time, but they are functions of 
pressure and the individual properties of the components. This means that in the process of a relaxation 
interaction we can take into account the exchange of moment and heat but not that of mass. Peculiarities of the 
intrastructure interaction are determined by the dynamic equation of state for each component. 

The equations of motion (2.1.1) have been written in the Lagrangian coordinate system. The necessity of such 
a description stems from the fact that the dynamic equation of state (2.1.9) has been written to the mass element 
of a medium. Besides, the use of the Lagrangian coordinates is important for the application of the method of 
asymptotic averaging, since in these coordinates the structure is independent of a wave process. 

2.2. Asymptotic Averaged System of Equations 
A regularity of structure and a nonlinearity of long-wave processes investigated here specify the choice of 
mathematical methods. One way of studying this heterogeneous medium is based on a method of asymptotic 
averaging of equations with high-oscillating coefficients [30]-[33]. The essence of this method consists in the 
application of a multiscale method in combination with space averaging. In accordance with this method, the 
mass space coordinate 0m l Vν=  is divided into two independent coordinates: slow coordinate s  and fast one 
ξ , wherein  

1, .m s
m s

εξ ε
ξ

−∂ ∂ ∂
= + = +

∂ ∂ ∂
                            (2.2.1) 

The slow coordinate s  corresponds to a global change of the wave field and s  is a constant value during a 
period, while the fast coordinate ξ  traces the variations of a field in the structure period. The dependent 
functions are presented as a degree series over the structure period ε   

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )

0 1 22

0 1 22

0 1 22

0 1 22

, , , , , , ,

, , , ( , , ) , ,

, , , , , , ,

, , , , , , ,

V m t V s t V s t V s t

p m t p s t p s t p s t

u m t u s t u s t u s t

r m t r s t r s t r s tν ν ν ν

ξ ε ξ ε ξ

ξ ε ξ ε ξ

ξ ε ξ ε ξ

ξ ε ξ ε ξ

= + + +

= + + +

= + + +

= + + +









                 (2.2.2) 

where ( )ip , ( )iu , ( )iV , ( )ir  are defined as the one-period functions of ξ . In the Lagrangian mass coordinates 
the period is a constant which allows the averaging procedure to be performed. 

We now will prove that ( ) ( ) ( )0 0 ,p p s t= , ( ) ( ) ( )1 1 ,p p s t= , ( ) ( ) ( )0 0 ,u u s t= , ( )( ) ( )( ) ( )
0 0

,r r s tν ν=  are inde-  

pendent of the fast variable ξ . Indeed, after substitution of Equations (2.2.1) and (2.2.2) into the initial 
equations of motion, we obtain  

( )( ) ( )( ) ( )( ) ( )
0 0 1

01 0 0,
r r r

V
s

ν ν ν

ε ε
ξ ξ

−
 ∂ ∂ ∂ − + − − + = ∂ ∂ ∂ 
 

  

( )
( )0

00 0,ru
t

ε
 ∂

− + =  ∂ 
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( )( ) ( ) ( )

( )( ) ( )

( )( )
( )

( )( ) ( )

0 0 00 01 1 0 1

0 11 01 1

(

0,

p u pr r
t s

p pr r

ν ν

ν ν

ε ν ε ν
ξ

ν ν
ξ ξ

− − −

− −

∂ ∂ ∂
− + +∂ ∂ ∂

∂ ∂
+ + + =∂ ∂ 



 

( )( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )0 0 1 00 0 0 11 1 1 10
1 0 0,

r u r u r u r uV
t s

ν ν ν ν

ε ν ε ν ν ν
ξ ξ ξ

− − − −
−

 ∂ ∂ ∂ ∂∂ − + + − − + = ∂ ∂ ∂ ∂ ∂ 
 

  

According to the general theory of the asymptotic method, the terms of equal powers of ε  should vanish  

independently of each other. Thus, ( )0 0p ξ∂ ∂ = , ( )0 0u ξ∂ ∂ = , ( )( )01 0rν ξ−∂ ∂ = , i.e. ( ) ( ) ( )0 0 ,p p s t= , 
( ) ( ) ( )0 0 ,u u s t= , ( ) ( ) ( )0 0 ,r r s t=  are independent of ξ . Furthermore  

( )( ) ( )( ) ( )

( )
( )

( )

( )( ) ( )

( )( ) ( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )

0 1

0

0
0

0 0 10 01 1

0 1 00 0 11 1 10

,

,

0,

0.

r r
V

s

ru
t

u p pr r
t s

r u r u r uV
t s

ν ν

ν ν

ν ν ν

ξ

ν ν
ξ

ν ν ν
ξ ξ

− −

− − −

∂ ∂
+ =

∂ ∂

∂
=

∂
∂ ∂ ∂

+ + =
∂ ∂ ∂

∂ ∂ ∂∂
− − − =

∂ ∂ ∂ ∂

                   (2.2.3) 

Thus, we can average the equations during the period ξ . We define ( )1

0
dξ⋅ = ⋅∫ , and perform the normali- 

zation 
1

0
d 1ξ =∫ . Since ( )1p , ( )1u  and ( )1r  are periodic, the integrals can be calculated as ( )1 0p ξ∂ ∂ = , 

( )1 0u ξ∂ ∂ = , ( )1 0r ξ∂ ∂ = . Moreover, as ( ) ( )0 0u u=  ( ) ( )0 0p p= , than ( )1 0p ξ∂ ∂ = . This means that 
( )1p  does not also depend on ξ . After integrating over the structure period the equations containing the value 

of zero order of ε , we obtain the averaged system  

( )( )
( )

( )
( )

( )

( )( ) ( )

( ) ( )( ) ( )

0

0

0
0

0 001

00 01

,

,

0,

0

r
V

s
ru

t
u pr

t s

V r u

t s

ν

ν

ν

ν

ν

−

−

∂
=

∂
∂

=
∂

∂ ∂
+ =

∂ ∂

∂ ∂
− =

∂ ∂

                               (2.2.4) 

with the averaged equation of state  

( )
( )( ) ( )

( )( )
( ) ( )( )( )

20 0
0 0 0

2 0
d d d .e

f p e

V VV p V V p t
c V pτ

= − − −                   (2.2.5) 

Unlike the values ( )0u , ( )0p , ( )1p  and ( )0r , the specific volume ( )0V  is a function of ξ . Hereafter, we 
will consider only the zero approximation of the equations and, therefore, the upper index 0 is omitted. 
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Choosing the wavelength λ  to be large enough we can always reduce the effect to zero from other 
approximation terms. 

The averaged system of Equations (2.2.4), (2.2.5) is an integro-differential one and, in the general case, is not  
reduced to the averaged variables p, u  and ( )0V . The derivation of Equations (2.2.4), (2.2.5) relates to a  

rigorous periodic medium. However, it may be shown that Equations (2.2.4), (2.2.5) are also relevant to media 
with a quasi-periodic structure. Indeed, the pressure p  and the mass velocity u  are independent of the fast 
variable ξ . Hence on a microscale ξ , the action is statically uniform (waveless) over the whole period of the 
medium structure, while on the slow scale s , the action of perturbation is manifested by the wave motion of the 
medium. On a microlevel the behavior of medium adheres only to the thermodynamic laws. There is a 
mechanical equilibrium. On a macrolevel, the motion of medium is described by the wave dynamics laws for 
averaged variables. Mathematically, in the zero-order case of ε , the size of the period is infinitesimal ( )0ε → . 
This signifies that the location of particular components in the period is irrelevant. The Equations (2.2.4), (2.2.5) 
do not change their form if the components are broken and/or change their location in an elementary cell. This 
means that Equations (2.2.4), (2.2.5) describe the motion of any quasi-periodic (statistical heterogeneous) 
medium which has a constant mass content of components on the microlevel, and the location of these 
components within the cell is not important. 

In the case of nonlinear wave propagation, the individual components suffer different compressions. The 
structure of medium is changed, with the result that the averaged specific volume V  is changed. This change 
differs from the change of the specific volume for homogeneous medium under the same loading. Thus, the 
structure of medium is manifested in the wave motion, despite the fact that the equations of motion (2.2.4) (but 
not the equation of state) are written down for the averaged values u , p , V  only. 

2.3. System of Equations in Eulerian Coordinates 
In certain cases of theoretical analysis it is more convenient to use the Eulerian coordinate system. The 
immediate employment of the averaging asymptotic method in Eulerian variables is impossible because of the 
variability of the microstructure sizes. However, from the zero approximation in the equations of motion (2.2.1), 
which are presented by the averaged values p , u , V , the equations can be rewritten in the Eulerian system 
of coordinates ( ), Er t  by means of a transformation from the Lagrangian system ( ),s t  [19]-[23] 

( ), , .Er r s t t t= =                                     (2.3.1) 

There is an important presumption that the velocity of the particle in the zero approximation is constant over a 
period of the structure and, consequently, we can describe an averaged trajectory for the particle  

( ) ( )
,

, .
s

r s t
u s t

t
∂ 

= 
∂ 

                                     (2.3.2) 

From the physical point of view, it is clear that the position of the particle is unambiguously defined by its 
coordinate and time  

1d d d , .Er A s r u t t tν νν −= + =                              (2.3.3) 

From the mathematical point of view this means that in the transformation (2.3.3) the value drν  is a total 
differential. Therefore, we must have  

1

.A r u
t s

νν −∂ ∂
=

∂ ∂
 

This condition is satisfied if A V= , because the equation converts into the continuity Equation (2.2.4). We 
obtain the following transformation between Lagrangian and Eulerian systems of coordinates:  

1d d d , .Er V s r u t t tν νν −= + =                            (2.3.4) 

It is reasonable to define the slow Lagrangian coordinate (non-mass one) as  

.R s Vν =                                        (2.3.5) 
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Equations (2.2.4) in the Eulerian system of coordinates then take the form  
1 11

0,

0.

E

E

V r u V
t r

u u pu V
t r r

ν− −−∂ ∂
+ =

∂ ∂
∂ ∂ ∂

+ + =
∂ ∂ ∂

                              (2.3.6) 

It is convenient to determine the fast Eulerian coordinate ζ  as  

( )
.

t

ζ ρ
ξ ρ ξ

 ∂
= ∂ 



                                   (2.3.7) 

It should be noted that the average density ρ  in the Eulerian coordinates is a value usually used for density. 
A chain of identities  

( )
1 1

1

0 0

d dV V V ρξ ξ ζ ρ
ρ

−= = =∫ ∫ 



                             (2.3.8) 

proves that 1V −  is the average density of the medium in the Eulerian coordinates. Note that ρ ρ≠ . The 
value ρ  is a real density. The value V  is the specific volume averaged in units of mass over the period and  
it is expressed as the ratio of the volume to the mass inside this volume. This value can be determined 
experimentally. At the same time the averaged values p  and u  coincide in both Lagrangian and Eulerian 
systems of coordinates. Now the equations of motion (2.3.6) can be written in the usual form of the averaged 
density ρ . 

We have proved in Ref. [19] that the known Lyakhov model for the natural multi-component media [13] is an 
actual case of the asymptotic averaged model, i.e., it is inherently asymptotic. 

2.4. Analysis of the Averaged System of Equations 
Now we will study some general properties of the averaged system of equations, and will obtain a rigorous 
mathematical proof that for the acoustic level the long wave dynamic behavior of the medium with a 
microstructure can be modeled within the framework of a homogeneous relaxing medium. At the same time the 
description of nonlinear waves can not be reduced to the average characteristics of wave field. 

2.4.1. Acoustic Waves 
Let us consider an acoustic wave ( )0 0,p p p p p′ ′= −  . We shall prove that the propagation of the acoustic 
waves in a periodic medium with a calculable number of relaxation components is similar to that in a 
homogeneous medium with the same number of independent relaxation processes. 

Now we shall show it for a two-layer periodic medium with one process of relaxation in each structure 
element. The averaged equation of state (2.2.5) 

( ) ( )( )
2

2d d de
ef

V VV p V V p t
V pc τ

= − − −  

for small perturbations in this medium can be represented as  

( )
( )

( )

( )

2 2 2 2 2 2
1 1 1 2 2 22 2

1per 2per

2 2 2 2 2
1 1 2 2

1 ,
d d1 1
d d

1 ,

e f e f
f

e e e

V c c V c c
V V c p p p

t t
V c V c V c

τ τ

− − − −− −
′ ′ ′ ′− = + + −

+ +

= + −

 

 

                (2.4.1) 

where index 1 relates to the first component, and index 2—to the second component. Here   is a coordinate 
of the boundary between the components in the elementary cell. Note that the values   and 1−  are equal 
to the mass concentration of the first and the second component, respectively. 
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For comparison we take the homogeneous medium with two independent relaxation processes. The state 
equation of this medium for small perturbations has a form [24]  

( ) ( )2 2 2 2 2 2
1 1 2 22 2

1hom 2hom

2 2

,
d d1 1
d d

.

e f e f
f

f fi
i

V c c V c c
V V c p p p

t t
c c

τ τ

− − − −

− −

− −
′ ′ ′ ′− = + +

+ +

= ∑

                      (2.4.2) 

It should be noted that the alphanumeric indices for the homogeneous medium and for the periodic one have a 
reverse succession. Here, index 1 relates to the first relaxation process, and index 2—to the second process. 

Now we can write six relationships  

( ) ( )
( )

2 2 2 2 2 2

per hom

2 2 2 2 2 2 2 2

hom

per hom 1 2

,

, ,

, , 1 , 1, 2.

i i ie if ei fi

e ei f f
i

i i

V c c V c c

V c V c V c V c

iτ τ

− − − −

−

− = −

= =

= = = − =

∑



   

                          (2.4.3) 

These equations show that for any two-component medium with the two relaxation components ( )per , ,i ie ifc cτ  

(see Equation (2.4.1)) we can pick up the homogeneous medium with two relaxation processes ( )hom , ,i ei fic cτ   

(see Equation (2.4.2)). In such media the perturbations V , p , u  move in a similar way. Regarding the 
density ρ  this statement is incorrect. The result can be easily expanded on the media with a calculable 
number of the relaxation components. This result proves the statement that in the studies of acoustic wave 
propagation in a periodic medium with N  relaxation components, this medium can be substituted by a 
homogeneous medium in which there are N  independent relaxation processes. 

The similarity of the propagation of small perturbation in periodic and homogeneous media has been verified 
numerically. As it was expected, we obtained the traditional result. An inner structure of the medium manifests 
itself only by means of the dispersive dissipative properties. For the acoustic level the long wave dynamic 
behavior of the medium with a microstructure can be modeled within the homogeneous relaxing medium. In the 
past such a statement was accepted a priori. In our case we have obtained a rigorous mathematical proof of this 
statement on the basis of a account, in details, of the structure of medium. 

2.4.2. Nonlinear Waves 
We will analyze the propagation of nonlinear waves in a structured medium. To make the results more clear, we 
will restrict our consideration to a nonrelaxation media ( )f ec c c= = . The averaged equation of state in this 
case is simplified to the form  

2

2d d ,VV p
c

= −                                    (2.4.4) 

and we can introduce an effective sound velocity by the formula  
2

2
eff 2 .Vc V

c
=                                   (2.4.5) 

We obtain a traditional representation of the system of Equations (2.2.4), (2.2.5) and (2.4.4). 
The system of the equations is concerned in the hyperbolic type of a system. Now we restrict ourselves to the 

plane symmetry ( )1ν = . Substituting the equation of state (2.4.4) into the equation of the continuity (2.1.1), we 
get  

2

2 0.V p u
t sc

∂ ∂
+ =

∂ ∂
                                   (2.4.6) 

The combination of this equation with the last Equation (1) ( )1ν =  leads to the relationships  
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1 2 1 2 1 22 2 2

2 2 2 0.u V p V u V p
t t s sc c c

−   ∂ ∂ ∂ ∂   ± ± ± =
   ∂ ∂ ∂ ∂   

                  (2.4.7) 

From this relationship it is seen that the averaged system of the equations pertains to the hyperbolic system. 
The equations for the characteristic in Lagrangian coordinates (mass space coordinate) have the forms  

1 22

2

d .
d
s V
t c

−

= ±                                       (2.4.8) 

In characteristic the relations are the following  
1 22

2 d .VI u p
c± = ± ∫                                     (2.4.9) 

Analogously to the homogeneous medium we call these relations as the Riemann invariants. The value (2.4.8) 
has the physical meaning, namely, it is the averaged velocity of the wave propagation in the Lagrangian 
coordinates. This velocity depends on a pressure and integrally on a structure. Note the special case. It is known 
that in vacuum the wave does not propagate. This result also follows formally from Equation (2.4.8). The 
hyperbolism of a system points up that this system can describe the shock wave. The equations for the 
characteristic (2.4.8) and the Riemann invariants (2.4.9) are the integro-differential equations, since they retain  
the variable 2 2V c , which depends on the properties of the structure elements in medium. 

Normalization on the averaged specific volume V  and the initial sound velocity effc  allows us to 
compare the results for various media. For convenience we have chosen that the acoustic waves in these media 
propagate in a similar way (see Equation (2.4.3)). 

It should be noted that effc  is not an averaged value, i.e. 2 2
effc c≠ . Evidently, the structure of the medium 

introduces a certain contribution to the nonlinearity. In fact, even if ( )fc f p≠ , then in the general case the 
value of effc  is a function of pressure. 

The system of Equation (2.2.4) is hyperbolic ones, and this specifies the breaking solutions which are shock 
waves. For the analysis of such solutions, it is necessary to present Equation (2.2.4) in the form of integral 
conservation laws  

d d 0, d d 0.V s u t u s p t+ = − =∫ ∫ 

                          (2.4.10) 

Now we can easily formulate the conditions on the shock front, when there is conservation of the fluxes of 
mass and of impulse through the shock front  

( ) ( )1 0 1 0 1 0 1 00, 0,V V D u u u u D p p− + − = − − + =                     (2.4.11) 

where indexes 0 and 1 relate to the parameters of the flow before and after the front, respectively. Hence, the 
formula for the averaged velocity of the shock front in terms of the Lagrangian variable D  (dimension [ ]D  
is kg/s) and the mass velocity u  follow from the following relations:  

( ) ( )
( )( )

1 0 0 1

1 0 1 0 0 1

,

.

D p p V V

u u p p V V

= − −

− = − −
                             (2.4.12) 

2.4.3. The Increase of Nonlinearity in Medium with Structure 
We shall prove the statement that the structure of medium always exalts the nonlinear effects under the 
propagation of long waves. Let us derive the evolution equations with a weak nonlinearity in homogeneous 
medium and heterogeneous one and compare the coefficients of nonlinearity in these media. First of all, we have 
to note that the mass velocity u  is related to the pressure p  by means of [23]  

0

2 2 d .
p

p

u V c p= ∫                                     (2.4.13) 
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A functional dependence of an average specific value on the pressure increment 0p p p′ = −  with the 
accuracy ( )2O p′  can be presented as a series  

( )
0 0

2
2

20

d d1 .
d 2 d

p p p p

V V
V p V p p

p p
= =

′ ′= + +  

In this case the system of Equation (2.3.6) for planar symmetry 1ν =  can be written as  

0

22 2

2 20
0

d1 0,
2 d

p p

Vu V p pV
x t tc p

=

′ ′∂ ∂ ∂
+ − =

∂ ∂ ∂
 

0 0.u pV
t x

′∂ ∂
+ =

∂ ∂
 

The relationship p uu p
x x
′∂ ∂′=

∂ ∂
 follows from Equation (2.4.13) with the assumed accuracy ( )2O p′  and was  

used for derivation of the first equation. The evolution equation for one variable assumes the form  

0

22 2 2 2 2
2

2 2 2 2 20
0

d1 0.
2 d

p p

Vp V p pV
x c t p t

=

′ ′ ′∂ ∂ ∂
− + =

∂ ∂ ∂
                   (2.4.14) 

Now let us consider the waves propagating in one direction, then with the indicated accuracy we can write 
(hereinafter index 0 is omitted) 

2 2

2
V c

V t x x
∂ ∂ ∂

− + →
∂ ∂ ∂

 

(see, for example, Section 93 in Ref. [24]). Thus, after factorization of Equation (2.4.14) we get  
3 2 22

eff 2 2

d1 0.
2 d

Vp p V pc V p
t x xc p

−
′ ′ ′∂ ∂ ∂′+ + =

∂ ∂ ∂
                       (2.4.15) 

The coefficient of nonlinearity pα  for the structured medium, when the sound velocities in the individual 
components are independent of the pressure ( )c f p≠ , can be presented as  

( )3 2 3 222 3 2
eff

2 2 4 2

dd1 .
2 ddp

u cVV V VV V
pc p c c

α
− −

+
≡ = =  

For all cases we take 0pα > . For a homogeneous medium with d d = 0c p  we have homp V cα = . 
In certain media the value 2V c  does not change within the period. The individual elements of the structure 

respond to the pressure variations so that a relative structure does not change, i.e. the ratio ( ) ( )0, ,V p V pξ ξ   

does not depend on ξ . In this case, the value 2
effc c=  derived from Equation (2.4.5) is the averaged 

characteristic. Consequently, the system of equations may be presented in the averaged variables p , u , V , 
2

effc c= . Heterogeneity does not introduce the additional nonlinearity for these media. Such media behave  

like the homogeneous media under the action of the nonlinear wave perturbations. 
For media when the sound velocity is independent of the pressure ( )( )c f p≠  it is possible to show that a 

heterogeneity of the medium, in the general case, introduces the additional nonlinearity. Let us consider the ratio 
of the nonlinearity coefficients for heterogeneous and homogeneous media. In the space of dimensionless 
normalized variables this implies that at 0p p=  we have 0 1V =  as well as 2 2

0
1V c =  for the 

compared media. 
Using the conditions (2.4.5) we can obtain  

23 2

4 2
hom

1.p

p

V VV
c c

α
α

−

= ≥                                (2.4.16) 
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This inequality is the well-known Cauchy-Schwarz inequality (see Formula (15.2-3) in Ref. [34]). Since 
0V ≥  and 2 0V c ≥ , we prove  

13 2 2
3 4

4 2 2 2 2

2 212 2 2 22 2
2 2 2 2 2

d d d d

d d .

V V V V VV V c V
c c c c c

V V V V V V c
c c c c c

ξ ξ ξ ξ

ξ ξ

−∞ ∞ ∞ ∞

−∞ −∞ −∞ −∞

−∞ ∞

−∞ −∞

 ≡ ⋅ = ⋅ 
 

     ≥ ⋅ = ≡       

∫ ∫ ∫ ∫

∫ ∫
 

It only remains to find the condition for equality sign in (2.4.16). For this purpose we apply the Cauchy- 
Schwarz inequality in vector form (see Formula (15.2-5) in Ref. [34])  

( ) ( )( )2
, , , .≤a b a a b b  

Whereas the equality sign is realized if and only if the vectors a  and b  are linearly dependent, i.e. k=a b   
( )constk = . By designating ( ) 2, V c≡a a , ( ) 2 2, V c≡b b , it is easy to notice that the equality sign is realized  
if and only if  

12 2

2 2 2 2 const.V V V V
c c c c

−
  = 
 

 

(see Sections 14.2-6 in Ref. [34]), i.e. when the value 2 constV c =  does not vary within the period  

( ) ( )( ) ( )( )2
V c fξ ξ ξ≠ . This heterogeneous medium has been considered above. For all other heterogeneous  

media for which the value 2V c  changes within period, the inequality is realized in Equation (2.4.16). So, in a 
heterogeneous medium the value pα  is always greater than hompα  in a homogeneous medium. Thus, it is 
proved that, in the general case, the heterogeneities in a medium introduce the additional nonlinearity. This 
effect provides the basis for a new method of diagnostics to define the properties of multicomponent media 
using the propagation [20]. 

3. Waves in Relaxing Two-Component Medium 
In this section we will simulate the wave fluids in media consisted of the uniform distributed gaseous and 
condensed components (solid particles, liquid, etc.). The gas-suspensions, foams, bubble media are the mixtures 
with regular structure. 

Of special interest is the decrease of a shock wave action under propagation of shock waves in two-phase me- 
dia [35]-[42]. The analysis of this phenomenon shows that effectiveness of a medium as a means for shock wave 
location depends on capacity to retain heat in a condensed phase. The intensity of the heat transfer is determined 
by the complex physical chemical processes involved in the interaction between components. 

Unfortunately, nowadays the experimental results on various interactions between components are insuffi- 
cient in order to formulate the mechanisms of interaction and, consequently, to formalize them in mathematical 
models. There can be no doubt that the inner processes (although their mechanism is not known in details) ma- 
nifest themselves in the behavior of a medium. We will study the action of inner processes on a change of ma- 
croparameters within the relaxation notations. As a result of inner interaction is the effect of the relaxation of 
macroparameters. Additionally the medium can be subject to the external actions, for example, wave perturba- 
tion, shock wave, dynamic loading, etc. The medium as a dynamic system is specified both the relaxation time 
and the time of propagation of the shock wave perturbation. We consider the wave processes when the relaxa- 
tion time and time of an external action are the values of the same order. An irreversible energy loss in a gaseous 
component (a pressure of gas predetermins the pressure medium as a whole) through the heat transfer by radia- 
tion and/or by means of contact considerably influences on shock wave parameters. These processes, associated 
with the transfer of energy from one form that specifies a pressure in medium to another form that does not pos- 
sess partial pressure, are definitely important for describing the attenuation of shock waves. We will consider 
these various processes from general point of view as the thermal relaxation. The processes of thermal relaxation 
will be described by dynamic state equation suggested in the next Subsection 3.1. 
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3.1. Asymptotic Averaged Model for Mixture with Thermal Relaxation 
For mathematical modeling of dynamic behavior of a medium with thermal relaxation, we will consider the 
constitutive properties, basing upon following assumptions. The partial pressure of the condensed phase is 
negligibly small, while the medium pressure is specified by the gaseous component only. The gaseous component 
is generally the relaxing gas. The condensed components show the evidence of relaxation too. 

Let us refine the asymptotic averaged model in order to remove the restriction connected with a barothropic 
medium (as it is studied in Section 2). The constitutive hydrodynamic equations for describing one-dimensional 
motions (2.1.1), (2.1.2)  

1

0
0

1

0

, or 0,

,

0.

r V V r uV
V tl l

ru
t

u r pV
t l l

ν ν

ν ν

ν

ν
−

−

∂ ∂ ∂
= − =

∂∂ ∂
∂

=
∂

∂ ∂ + = ∂ ∂ 

 

are added by the energy equation for each individual component  
1

0
1 0.

V pE r u
t ll

ν

ν

−

−

∂ ∂
+ =

∂ ∂
                                     (3.1.1) 

We analyze the longwave perturbations and assume that the velocities of gas and condensed phase are equal. 
Similarly to Section 2 let us apply the method of asymptotic averaging, whereas the variable E  is expanded in 
series (see, for example, (2.2.2))  

( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 22, , , , , , , ,E m t E s t E s t E s tξ ε ξ ε ξ= + + +                     (3.1.2) 

where 0m l Vν= , m s εξ= + , s  and ξ  are slow and fast space variables, respectively. 
The procedure similar to that in Subsection (2.2) enables us to obtain additionally the averaged energy 

equation (index (0) is omitted). Then the system of the equations in the Lagrangian coordinates ( ),s t  has the 
form  

1

1

, or 0,

,

0,

0.

Vr r uV
s t s

ru
t

u pr
t s
E r up
t s

ν ν

ν

ν

ν

ν

ν

−

−

∂∂ ∂
= − =

∂ ∂ ∂
∂

=
∂

∂ ∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

                            (3.1.3) 

Note that the averaged variables p , u , r , V , E  appear in Equation (3.1.3). Here variable r  is a 
dependent value. 

Now we can rewrite out the equations of motion in the Eulerian coordinates ( ), Er t  (now r  is an 
independent variable) (2.3.4)  

1d d d , .Er V s r u t t tν νν −= + =  

Finally the averaged equations of motion in the slow Eulerian coordinate have the form (index E  in t  is 
omitted).  

1 11

1

1

1

1 0,

0,

0.

V r V u
t rr

u u pu V
t r r

p r uu E
t r rr

ν

ν

ν

ν

− −−

−

−

−

∂ ∂
− =

∂ ∂
∂ ∂ ∂

+ + =
∂ ∂ ∂
∂ ∂ ∂ + + = ∂ ∂ ∂ 

                              (3.1.4) 
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Consequently, the equations of motion are reduced to the terms of the average values p , u , V , E  
only. It is necessary to note that the structure of medium is evidently taken into account only in the equation of 
state, since the averaged state equation can not be reduced to the values p , u , V , E  only. This 
statement will be proved in Subsection 3.2. 

It is worthwhile that at this point we can avoid the restriction in which the structure of medium should be 
strong periodic. The wavelength is long and covers many periods (see Figure 1). In suggested approximation, 
the pressure p  and mass velocity u  are not changed over period. Let us imagine that in one of the structured 
sell the initial structure changes so that the period increases in two times. Obviously the field parameters in this 
case do not change. Determining the period size as arbitrarily small, we come to the conclusion that the 
averaged system of the equations is valid for medium with the constant concentrations of the components 
(statistic uniform distribution of the components). 

3.2. Dynamic State Equation for Mixture with Thermal Relaxation 
The practical interest in the gas-liquid-solid mixtures is connected with a capacity of such media to damp the 
shock waves. We focus our attention upon the study of such inner processes that revel the transfer of a energy 
defining the medium pressure to the other energy that does not contribute in partial pressure. As a result of the 
existence of inner processes, we have that the functional dependence between energy E , specific volume V  
and pressure p  (state equation) is ambiguous. For gas-liquid-solid mixture under the assumption of one- 
velocity approximation, the state equation can be justified from general notions on thermal relaxation. 

It is convenient to write a state equation for each individual component in the form of dependence of specific 
energy E  on a pressure p  and specific volume V , i.e. ( ),E E p V= . Let us use the gas-like form for this 
relation  

,
1

pVE
γ

=
−

                                       (3.2.1) 

which can successfully be applied both for gaseous component and for condensed component. Generally, both 
gas and condensed phase are relaxing components. Now we will derive the dynamic state equation for mixture 
with thermal relaxation [38] [40]-[42]. For one-velocity model, there are two limiting cases: (i) full equilibrium 
between phases; (ii) lack of transfer of heat between phases. Let us introduce the notations for fast and slow 
processes for the two components. 

1) For gaseous component  

, 1, , 1.
1 1g Eg g Eg

gf ge

pV pVE Eτ ω τ ω
γ γ

= =
− −

 
                      (3.2.2) 

2) For condensed component  

, 1, , 1.
1 1s Es s Es

sf se

pV pVE Eτ ω τ ω
γ γ

= =
− −

 
                      (3.2.3) 

According to the formalism [27], we can write a dynamic state equation for each individual component  

d 0, , .
d 1 1Ei

if ie

pV pVE E i g s
t

τ
γ γ

   
− + − = =    − −  

                      (3.2.4) 

It is clear that at 1Eiτ ω   and 1Eiτ ω   we have respective Equations (3.2.2), (3.2.3). The procedure of the 
asymptotic average leads to the dynamic state equation that describes the thermal relaxation in mixture  

( )
d d d d .

1 1f E E e

V E VE p t p t
γ τ τ γ

= − − −
− −

                     (3.2.5) 

Hence the dynamic state Equation (3.2.5) is not reduced to the variables p , u , V , E  only. 
However, in particular case it is possible to simplify the dynamic state Equation (3.2.5). The appropriate 

conditions are realized in the two-components medium with gaseous component and incompressible component.  
Indeed, for this medium 1sf seγ γ= =  and then time relaxation Esτ  can be defined arbitrarily. For the sake of 
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convenience we define Es Eg Eτ τ τ= = . We consider the heat transfer from gas to the some inner reservoir.  
Hence, the specific heat of gaseous component is not constant, i.e. gas is the relaxing component. It is clear that 
the mentioned reservoir is the condensed phase, whereas, on the one hand, this phase is incompressible, on the 
other hand, the partial pressure of this phase is negligibly small. It is convenient hereafter to introduce the new 
notations 0 geγΓ = , gfγ γ= . Note that for gas-containing mixture the parameter  

0
g s pg

g s pg

c c
c c

σ σ
γ
σ γσ

+
Γ =

+
                                (3.2.6) 

is close to 1, while the inequality 0 1Γ >  always holds. In the relationship (3.2.6) the values sσ  and c  are 
mass concentration and specific heat of the condensed component; the values gσ  and pc  are mass concen- 
tration and specific heat at constant pressure of the gaseous component, respectively. 

Now the averaged dynamic state Equation (3.2.5) can be reduced to the form  

( ) ( )
0

1 1d 0,
d 1 1E

p V p V
E E

t
ε ε

τ
γ

 −   − 
− + − =   

− Γ −   
                  (3.2.7) 

where ε  is a volume fraction of the condensed phase, whereas this value is uniquely defined through V   

0
0 .

V
V

ε ε=                                     (3.2.8) 

The Equation (3.2.7) describes the nonequilibrium transition of a mixture from one state  

( )1
const

1
p V

E
ε

γ
−

= +
−

                               (3.2.9) 

to other state  

( )
0

1
.

1
p V

E
ε−

=
Γ −

                                (3.2.10) 

Rudinger [43]-[45] was the first who established the equilibrium state equation for mixture with incom- 
pressible component (3.2.10). 

Thus, the Equation (3.2.7) together with Equation (3.1.4) constitutes the closed system of equations. For this 
system of the differential equations the initial and boundary conditions depending on problem being studied 
should be given. 

The suggested asymptotic averaged model allows one to analyze the influence of relaxation under the wave 
propagation in gas-liquid-solid media. 

3.3. Similarity in Motions of Gas and Two-Phase Medium with Incompressible Component 
We compare the motion of a perfect gas and that of a two-phase medium with any volume occupied by the 
incompressible condensed component. It is known [43]-[45] that in one-velocity approach at low volume portion 
of the condensed phase ε , the motion of a two-phase medium is similar to the motion of gas. To describe the 
motion of two-phase medium without restriction on a value of the volume portion ε , it is necessary to 
introduce this value ε  as additional variable in the system of the hydrodynamic equations in contrast to the 
usual gas-dynamic equations. In approaches of other authors [46] [47] such an extended system of equations 
have been treated by solving it separately for each particular ε . 

We focus our attention on transformation between the equations for a perfect gas and the equations describing, 
in one-velocity approach, the two-phase medium with any volume occupied by the incompressible phase [36] 
[39] [41] [48] [49]. It shall be proved that the motion of a two-phase medium in the transformed coordinate 
system is similar with certain accuracy to that of a perfect gas. It means that the solutions obtained for perfect 
gas can be used to solve the wave problems for media with incompressible component. There is no necessity 
directly to solve the problem for medium with incompressible component, and it is only sufficient to transform 
the known solution of the similar problem for a homogeneous medium. Thus, the solutions of many 
hydrodynamic problems for multi-component media with incompressible phase can be obtained without solving 
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the original system of equations. The scope for the suggested transformation is demonstrated by reference to the 
strong explosion in a two-phase medium. 

3.3.1. System of Equations in the Lagrangian Coordinates 
In some sense the progress in finding the transformation was achieved owing to the stimulating support of 
colleagues. One of a concept consists in analyzing the considered problem in the Lagrangian coordinates ( ),ζ τ . 
Let us consider a two-phase medium consisting of a condensed phase and a gaseous phase uniformly distributed 
in a volume. The incompressible condensed component can occupy an arbitrary partial-specific volume ε . We 
assume the following: (a) the condensed phase is incompressible; (b) the partial pressure of the condensed phase 
is negligibly small; (c) the velocities of the condensed phase and gaseous phase equal each other. The con- 
servation laws for mass, momentum, and energy give us the following system of the equations for the one- 
dimensional motions in the Lagrangian coordinates [50] [51] (see Equation (2.2.4) in the Section 2):  

1

1
0

1

0

1
1

0

, ,

0,

0.

r r v ru
v

u r pv

E r upv

ν

ν
ζτ

ν

ζ τ

ν
ν

τ

ζ τζ

τ ζ ζ

ζ
τ ζ

−

−

−

−
−

 ∂ ∂ = =   ∂ ∂  

   ∂ ∂  + =    ∂ ∂     

 ∂ ∂
+ = ∂ ∂ 

                               (3.3.1) 

For convenience of the description, we here introduce new notations for independent variables t τ→ , 
0s vνζ→  as well as for dependent variables V v→ , E E→ . 

The parameter ν  that determines the symmetry of the two-phase flow is equal to 1, 2, and 3 correspondingly 
for planar, cylindrical and spherical symmetries. Index 0 relates the variables to the unperturbed state of medium. 
Note that the Eulerian space coordinate ( ),r r ζ τ=  is a dependent variable. Within the accepted assumptions 
the state equation for the two-phase medium is conveniently written in the form [37] [43] [46]  

( )1
.

1
pv

E
ε

γ
−

=
−

                                       (3.3.2) 

Since the state Equation (3.3.2) contains value of the volume portion as additional value, then  

0
0 .

v
v

ε ε=                                          (3.3.3) 

Equation (3.3.2) does not coincide with the state equation for a perfect gas with certain effective adiabatic 
parameter γ . Considering the adiabatic flow γ  to be constant, the equation for energy can be reduced to the 
form [50]:  

( )0 0 0.
p v v γ

ζ

ε
τ

 ∂ −
  =
 ∂ 

                                  (3.3.4) 

Thus, the closed system of the equations consists of first three equations of system (3.3.1) and Equations 
(3.3.3), (3.3.4). 

Since the Eulerian space coordinate ( ),r r ζ τ=  is a dependent variable, we write this dependence through 
the Lagrangian independent coordinates ( ),ζ τ   

1

1
0

d d d .vr u
vr

ν

ν

ζ ζ τ
−

−= +                                  (3.3.5) 

We now show that (i) for planar motions ( )1ν = , (ii) for stationary motions of any symmetry, and (iii) for 
self-similar flows at 1ν ≠  but with certain accuracy, one can find new variables in which all Equations (3.3.1), 
(3.3.3), (3.3.4) coincide with equations for a perfect gas and are explicitly independent of ε . 

The following physical background provides a basis for eliminating the volume portion ε  from (3.3.1)- 
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(3.3.4). Indeed, if the condensed phase does not vary its volume (condition (a)) and does not contribute into 
partial pressure (condition (b)), and moves along the paths of the compressible gaseous phase (condition (c)), 
then we can assume that eliminating of the volume occupied by the condensed phase ε  should substantially 
simplify the mathematical description of motion. 

3.3.2. Similarity of Stationary Flows 
We need to reduce the system of Equations (3.3.1)-(3.3.4) to the system of equations describing the motion of a 
perfect gas (hereafter the notations for gas primed)  

( )

1

0

1

0

, ,
'

0, 0.

r r v ru
v

p vu r pv

ν

ζτ

γν

ζ τ ζ

ζ ζ τ

τ ζ ζ τ

−

′′

−

′ ′ ′

′ ′ ′ ′   ∂ ∂ ′= =     ′ ′ ′∂ ∂    

 ′ ′∂′ ′ ′   ∂ ∂  ′  + = =      ′ ′ ′ ′∂ ∂ ∂       

                   (3.3.6) 

For the latter system (3.3.6) the relation between the Eulerian space coordinate and the Lagrangian coordi- 
nates is as follows:  

1

0

d d d .vr u
r v

νζ ζ τ
−′ ′ ′ ′ ′ ′= + ′ ′ 

                              (3.3.7) 

One of the key requirement is as follows: the time should be equivalently running in all systems of 
coordinates t τ τ ′= = . 

The perturbations in incompressible component propagate with infinite velocity. Hence, the volume occupied 
by incompressible phase can be eliminated, then the connection between the Equation (3.3.4) and the last 
Equation (3.3.6) is presented in the form  

0 0 ,v v vε′ = −                                    (3.3.8) 

.p p′ =                                       (3.3.9) 

The relationship (3.3.8) indicates that the volume occupied by incompressible component is eliminated, and 
all masses of the medium are distributed over the residual volume of the compressible component. 

Comparing the mass equations with each other, i.e. first equations from system (3.3.1) and system (3.3.4), the 
condition  

( )
1 1

0 01 .r r r r
ν ν

τ τ

ε ε
ζ ζ ζ ζ

− −

′

′ ′       ∂ ∂
+ − =       ′ ′∂ ∂       

                     (3.3.10) 

should be satisfied. 
We need also to make consistent the momentum equations (i.e. third equation in (3.3.1) and third equation in 

(3.3.6)). The required condition after several reductions can be written as  
1 1

0
0

0

1 0,
1

vu r vp
v

ν γ

ζ τ

γ
τ ζ ε ζ

− +′ ′   ∂ ∂   − =      ′∂ − ∂      
                     (3.3.11) 

1 1
0

0 0.
vu r vp
v

ν γ

ζ τ

γ
τ ζ ζ

− +

′ ′

′′ ′ ′   ∂ ∂   ′− =      ′ ′ ′ ′∂ ∂      
                        (3.3.12) 

For deriving (3.3.11) we use the relation  

( )
( ) ( )

1
0 0 0

0 01
0 00 0

1 1 ,
1

v vp v vp p
v vv v

γ γγ

γ
τ τ τ

ε
γ γ

ζ ζ ε ζε

+

+

− ′ ′     ∂ ∂ ∂ = − = −      ′∂ ∂ − ∂ −     
 

which follows from  

( ) ( )0 0 0 0 0 0 .p v v p v vγ γε ε− = −  
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Let us take advantage of key relationship between the independent variables in the Eulerian coordinates  
( )d 1 d dr r u tε ε′ = − +                               (3.3.13) 

appearing in the transformation for planar motion ( )1ν =  [36] [39] [41]. Owing to the relation (3.3.5) the  
terms with ε  collected together in (3.3.13) yield the value 0d d dr u tε ε ε ζ− = . Then the relation (3.3.13) has a 
form 0d d dr r ε ζ′ = −  that confirms the physical interpretation for (3.3.13), namely, the volume (in planar  
symmetry ( )1ν =  the distance) occupied by the incompressible component 0dε ζ  can be eliminated. 

The suggestion (3.3.13) enables us to assume that the connection between variables r  and r′  for any 
symmetry could be presented in the form:  

1 1 1
0d d d .r r r rν ν νε ζ ζ− − −′ ′ = −                            (3.3.14) 

Thus we satisfy the important condition: the value dr′  is an exact differential. That in turn enable us to 
rewrite the relationship (3.3.14) in the integral form: 

0 .r rν ν νε ζ′ = −                                 (3.3.15) 

The connection between the mass velocities follows immediately from (3.3.14)  
1 1 .r u r uν ν− −′ ′ =                                   (3.3.16) 

Substitution of the relation (3.3.15) directly into the condition (3.3.10) reduces this condition to the transfor- 
mation  

( )01 .ν νζ ε ζ′ = −                                 (3.3.17) 

Trying to transform Equation (3.3.11) into (3.3.12) we can obtain new equation in which in addition to all 
terms of the Equation (3.3.12) we get unfortunately the additional term  

( ) 11

.
r rru

r

νν

ζ
τ

−−  ′∂′ ′     ∂   
                             (3.3.18) 

The additional term (3.3.18) vanishes for stationary flows as well as for any flows with planar symmetry, and 
possibly for self-similar motions. 

Consequently, the transformation (3.3.8), (3.3.9), (3.3.15)-(3.3.17) between the systems of equations (3.3.1)- 
(3.3.4) and (3.3.6) is valid (i) at least for stationary flows, i.e. one can state that for cylindrical ( )2ν =  and 
spherical ( )3ν =  symmetries, the stationary motion of the two-phase medium is completely similar to the 
stationary motion of gas as well as (ii) there is a similarity in motions for all planar flows. 

In the next point 3.3.3 we analyze the transformation (3.3.8), (3.3.9), (3.3.15)-(3.3.17) between equation 
systems (3.3.1), (3.3.4) for self-similar motions in order to estimate the error included in the term (3.3.18). 

3.3.3. Self-Similar Motions with Shock Waves 
The above-mentioned transformation allows one to use its advantage for describing the self-similar problems. 
Let us apply the method for solving the problem related to the strong explosion stage in a two-phase medium. 

Let a finite amount of energy 0E  be instantaneously deposited in an infinitely small volume of a two-phase 
medium. We restrict ourselves to distances from the explosion source where the wave can be considered as 
strong one, i.e. when we can neglect the initial internal energy of the medium in comparison with 0E . We 
consider the propagation of the shock wave moving with velocity  

d
,

d
fr

D
t

=                                         (3.3.19) 

where fr  is a place of the shock wave front, ( )f fr r t=  is a function of time only. Note that f frζ = . 
Let us define new dimensionless variables for the equation systems describing the two-phase flow (3.3.1), 

(3.3.3), (3.3.4)  
2

0 0

0 2

, , , ,

d, , ,
d

f

f
f f

P v p D U u D v v

Dr D z
D

µ ζ ζ

ζ
η ζ χ ζ τ

τ

= = = =

= = =


                      (3.3.20) 
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and gas (3.3.6)  
2

0 0

0 2

, , , ,

dd, , , .
d d

f

f f
f f

P v p D U u D v v

Dr D z D
D

µ ζ ζ

ζ ζ
η ζ χ ζ τ

τ τ

′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= = = =

′ ′′
′ ′ ′ ′ ′ ′ ′ ′= = = =

′′


                   (3.3.21) 

According to (3.3.15) we write  

( ) ( )1 1
0 01 , 1 .f f f fr r r D r Dν ν ν νε ε− −′ ′ ′= − = −                            (3.3.22) 

At strong explosion in a two-phase medium the self-similar motion is realized, whereas, the derivatives with 
respect to χ  are equal to zero, and 2z z ν′= = −  (see, for example, [46] [47] [50] [51]). Then we can rewrite 
the systems of equations for the two-phase medium as  

( )

1 1

1 1

0

d d d, 0,
d d d

const

U PzU

P

ν ν

ν ν

γ ν

η η ηµ
µ µ µµ µ

ε µ

− −

− −= − + =

− =





                          (3.3.23) 

with boundary conditions at shock wave front [46] [47]  

( )0 02 1 1 2
, ,

1 1
U P

ε γ ε
γ γ
− − +

= = =
+ +

  

and for the homogeneous medium (perfect gas) in the form  
1 1

d d d, 0,
d d d

const

U Pz U

P

ν ν

γ ν

η η ηµ
µ µ µ µ µ

µ

− −
′ ′ ′ ′ ′   ′ ′ ′ ′= − + =   ′ ′ ′ ′ ′   
′ ′ ′ =





                          (3.3.24) 

with boundary conditions  

2 1, .
1 1

U P γ
γ γ

−′ ′ ′= = =
+ +

  

We prove the last equation in (3.3.23) only. Let us consider the sequence of relations taking into account 
(3.3.4) and (3.3.20),  

( ) ( ) ( )

( ) ( ) ( )

( )

( )

2
0 0 0 00

2
0 01 2 1

0 0 0 0

1 3 1 2
0 0 0

1 1
0 0 0

dd0 2
d d

2

f

f
f

f
f f

f

v pD v v vP

Dp v v
v D v p v v

Dv p v v D D

v p v v D

νγγ γγ

ζ ζ

γ ν
ν γγ γ ν

ζζ

γγ ν ν ν

γγ ν ν

ε ζ ζε µ
τ τ

ζε
ζ ζ ζ ε

τ τ

ζ
ζ ε ζ νζ

τ τ

ζ ε ζ

− −

− −
− − −

− − − − − −

− − −

   ∂ −∂ −    =
  ∂ ∂   

   ∂∂ −
 = + −    ∂ ∂  

 
= + − − − 

 

= − −



( )1 1 1 0.fz Dννζ− − − −− =

 

The transformation (3.3.8), (3.3.9), (3.3.15)-(3.3.17) is easy reduced to the dimensionless form  
( ) ( )

( )

0 0 0

1

0 0 0

1 , 1 ,

(1 ) , 1 , .

P P

U U
ν

ν ν ν

ε ε ε

ηε η ε η ε µ µ µ
η

−

′ ′− = − − =

′  ′ ′ ′− = = − + = 
 

 

                     (3.3.25) 

It turns out that for self-similar motion with shock wave (in contrast to the stationary flow) the transformation 
between systems (3.3.22) and (3.3.23) is not succeeded in finding. Anyway for 1ν ≠  there is the difference 
between system (3.3.22) and system appeared from (3.3.23) by means of transformation (3.3.25). The 
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transformed system contains the additional term  

( ) 11 d
.

d
U

νν η ηηη
η η

−− ′′ ′ ′ 
 

 

Using the point explosion as an example, we estimate the error introduced by the additional term. The results 
of the calculations for strong explosion are demonstrated in Figures 2-5. We calculate the dimensionless 
specific volume  , velocity U  and pressure P  by two methods. First, the system of Equations (3.3.23) is 
directly solved at some particular values 0ε . This is the exact solution  , U , P . For the sake of 
convenience we use the dimensionless density 1R −=   instead of the dimensionless specific volume 1− . In 
Figures 2-4 the variables U , R , P  are plotted by curves 1, 2, 3. Second, the variables U , R , P  are 
found by means of the transformation (3.3.25) of the solution U ′ , R′ , P′  for perfect gas (3.3.24). The 
solution thus obtained U , R , P  are the approximate solution of the equation system (23). The approximate 
solutions are illustrated by curves 2', 3'. In Figures 2-5 the curves 1 relate to gas ( )0 0, 1.4ε γ= = , curves 2, 2' 
and 3, 3'—to two-phase media with 0 0.1ε = , = 1.1γ  and 0 0.5ε = , 1.005γ = , respectively. It is very  

 

 
Figure 2. The profiles of dimensionless velocity U . The solutions calcu- 
lated by two methods equal each other. The curves 2', 3' are not plotted, they 
completely coincide with curves 2, 3, respectively.                          

 

 

Figure 3. The profiles of dimensionless density 1R −=  . The curves calcu- 
lated by two methods coincide with each other. The curves 2', 3' are not 
plotted, they completely coincide with curves 2, 3, respectively.              
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Figure 4. The profiles of dimensionless pressure P . Curves 2 and 
3 are the exact solutions. Curves 2' and 3' are the approximate 
solutions.                                                

 

 
Figure 5. The distributions of volume portion of incompressible 
component 0ε  in shock wave.                               

 
important that complete agreement is observed for U , R  calculated by two methods, therefore, in Figure 2 
and Figure 3 the curves 2', 3' are not plotted, they completely coincide with curves 2, 3, respectively. While for 
the values P  at 1ν ≠  (see Figure 4) the distinction between the exact solutions (curves 2, 3) and the 
approximate solutions (curves 2', 3') are largest. We note that for curves 3, 3' the initial volume portion is 

0 0.5ε = , i.e. one-half of the initial volume is occupied by the incompressible component. At small 1 1γ −   
almost all mass of the condensed phase is accumulated near the front of shock wave (see Figure 5). 

Thus, since for a problem of strong explosion in gas the self-similar solution is known in forms of analytical 
dependencies [50] [51] and tabulated data [52], one can obtain with certain accuracy the solution for strong 
explosion in two-phase medium with incompressible component. Moreover, the solution obtained in this manner 
has the analytical dependencies on value of volume portion of incompressible phase 0ε . Hence, the influence 
of value 0ε  on two-phase flows can be estimated through the analytical dependencies. 

We present below the example of successful applying the analytical transformation to estimate the velocity of 
shock wave propagation in two-phase medium [36] [39] [41]. 

3.3.4. Shock Front Parameters 
It is fairly simple to establish analytically the effects of the volume portion of condensed phase on the motion of 
the shock wave and the shock front parameters without finding the distributions P ,   and R . We need to 
trace only the energy balance in volume of medium involved by the shock wave  
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( ) ( ) 2
1

0
0

1
d ,

1 2

fr p uE r rνε
σ ν ρ

γ
−− 

= + 
− 

∫                          (3.3.26) 

where ( ) ( ) ( )( )2 1 π 2 3 .σ ν ν ν ν≡ − + − −  For this purpose we transform (3.3.26) by means of (3.3.25) as 
follows:  

( ) ( ) ( )

( ) ( ) ( ) ( )

1 2
12

0 0
0

2 1
2 102

0
0

1
d

1 2

1 1 d .
1 2

f

f

P
E D r R

D r P R

νν

νν

ε
σ ν ρ η η

γ

ε γσ ν ρ η η
γ

−

−

− 
= + 

− 

− − ′ ′ ′ ′ ′= + −  

∫

∫





                (3.3.27) 

The dimensional method [51] allows us to obtain the equation for the shock wave  
( ) ( )

( )( )

1 2 2 2
0

0 0

20

0 0

,
1

2 ,
2 1

f

f

E
r

E
D r

ν ν

ν

τ
αρ ε

ν ε αρ

+ +

−

   
=    −   

=
+ −

                             (3.3.28) 

( )
( )( ) ( ) ( )

1
2 1

0

4 1, d .
2 1 2

P R νσ ν ψ γα ψ η η
ν γ

−− ′ ′ ′ ′ ′= = + + −  ∫   

For 1γ →  the integral ψ  tends to a finite limit and for 1γ =  we have ( ) 12ψ ν −= . If we derive ψ  from 
the available theoretical and tabulated data such as in [52], we find that in the entire range in γ  from 1.1 to 1.4 
the value of the integral is close to the limiting value ( ) 12ψ ν −=  and differs from it by 3%. Then the 
expression for α  can be put as  

( )
( )

22 .
2 2 1

σ ν
α

ν ν γ
 =  + − 

                            (3.3.29) 

We use (3.3.28), (3.3.29) and (3.3.20) to get a relation between the shock front pressure and the distance from 
the explosion center:  

( )
( )

0 2 0
0

0

2 1 4 1 .
1 11 f

E
p D r νε ν γρ

γ σ ν γ ε
−− −

= =
+ + −

                     (3.3.30) 

These equations indicate that the increase in the shock wave parameters when the medium contains an 
incompressible phase is due to the increase in the shock wave velocity by a factor ( ) 1

01 ε −−  in comparison 
with 0 0ε →  for a given ratio of the mass concentrations. In the limiting case 0 1ε →  the shock wave velocity 
tends to infinity. This feature is evident from the physical viewpoint because the velocity of the perturbation 
tends to infinity for an incompressible medium. 

It follows from (3.3.30) that the minimum pressure occurs at a given distance from the explosion center in a 
medium having the maximal shock compressibility for the gas phase (by definition ( ) ( )1 1γ γ+ − ) with the 
minimum value of 0ε . Therefore, in the general case of arbitrary 0ε  the pressure field and the shock wave 
velocity in a two-phase medium are dependent not only on the density 0ρ , the explosion energy 0E , and α  
[53] but also on the volume portion of condensed phase 0ε . 

Consequently, we have suggested the transformation that allows one to obtain the wave fields in two- 
component media with arbitrary volume portion of the incompressible component from the similar problem for 
perfect gas. The solutions of many hydrodynamic problems for mixtures with incompressible component can be 
obtained without solving the original system of equations. The scope for the suggested transformation is shown 
through the analysis of the strong explosion in a two-phase medium. 

4. Blast Waves in Medium with Thermal Relaxation 
The features of dynamic behavior of two-component media, the influence of interphase interaction under the 
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wave propagation can be elucidated by means of solution of a problem related to the strong explosion in a two- 
phase medium. This problem attracts interest also in practical possibility to estimate the efficiency of a medium 
for localizing the sock wave action. The expanded range of pulsed materials processing requires the develop- 
ment of means for damping of the action of shock wave in the surrounding medium generated by high-power 
energy sources. In addition to the special chambers, recently the multiphase media (bubble screens in liquids [54] 
[55], gas-liquid foams [56] [37], foam plastics [57], etc.) have been used for damping of the shock waves. The 
studies have shown that the energy of explosions is most efficiently absorbed by the water foams [57]. 

A qualitative theoretical analysis of strong shock waves in two-phase media with a small volume fraction of 
condensed material shows that the potential capacity of foam to damp the shock waves is greater. It turns out 
that the estimated parameters of shock waves at a fixed distance can be below the parameters found in experi- 
ments [53] [37]. It is noticed that the failure to reach the calculated parameters can apparently be explained by 
means of the fact that the characteristic time of interphase relaxations, which describes the conversion of thermal 
energy from the gaseous component (which determines the pressure of a medium) to the internal energy of the 
condensed phase (which does not contribute to the pressure), are substantially greater than the time required to 
peak the pressure at the shock front. We will clarify that the properties of own medium determine the attenuation 
of shock waves. We will analyze the dependence of the shock wave attenuation on the thermal relaxation in or-
der to explain the damping of shock waves by such media and find out their effectiveness as localizing media as 
well. Besides, it is of interest to define the dependence of the shock wave attenuation on a shock loading, in par- 
ticular, on an explosion energy. 

4.1. System of Equations for Describing the Strong Explosion 
The molecular relaxation following an explosion in a gaseous or liquid medium proceeds so fast that the 
perturbation front can be regarded as a discontinuity surface (a shock wave). In that case the self-similar theory 
of point explosion can be applied for describing the evolution of a shock wave during the high-intensity stage of 
the explosion process also at distances where the shape of the energy source does not play a significant role 
[50]-[52]. Hence, in this classical case when there are no relaxation processes in flow behind the front of a shock 
wave, the unsteady motion of a medium induced by the instantaneous release of energy at a point is described by 
a self-similar solution [50]-[52]. Then the pressure and velocities of the wave flows are uniquely determined by 
the energy of explosion and the thermophysical properties of the gas/liquid surrounding the energy source. 

However, there are media in which the relaxation processes occur in flow behind the shock front. If the me-
dium possesses the relaxation processes with characteristic time compared with a time of wave propagation, the 
parameters behind the front depend significantly on the completeness of relaxation processes in a medium. One 
glowing example of these media is the gas-liquid foam. After explosion in a two-phase medium only the ga-
seous component reaches the equilibrium immediately. There is the wide relaxation zone behind the shock front, 
since the equalization time between the parameters of the phases is well long than the relaxation time in a gas 
[37] [56]. Consequently, formation of a shock wave after explosion in two-phase medium cannot any more be 
regarded as occurring within an infinitesimally short time, and the relaxation processes in wave should be taken 
into account [37] to define the shock wave. 

This section is concerned with the effect of thermal relaxation behind the shock front on the evolution of a 
shock wave. For example, the attenuation of shock waves in gas-liquid foam generated by the condensed 
explosive charge shall be described in terms of heat transfer from the gas phase into the condensed phase 
[36]-[38] [40] [42]. Let an explosion occur in this medium and, as a result, an energy 0E  producing a shock 
wave be released instantaneously within an infinitesimally small volume. The problem consists in defining a 
flow behind the shock front as a dependence on thermophysical properties of a medium as well as on 
completeness of relaxation processes. The existence of relaxation processes makes considerably more compli- 
cated the calculations of strong shock because the flow is not a self-similar one. This means that a time-depen- 
dent system of differential equations must be solved. Analyzing the shock flows in two-phase media, we made 
the following assumptions: (a) components in two-phase media are uniformly in volume; (b) density and speci- 
fic heat of the condensed phase are constant; (c) gaseous phase obeys the state equation for an ideal gas; (d) 
there are no mass transitions between phases; (e) gaseous phase and the condensate phase move at the same 
velocity; (f) energy of the mixture is an additive quantity; (g) time for thermal relaxation between gas and 
condensed component is constant; (h) transfer of perturbations from the relaxation zone to the front of the shock 
wave obeys the hydrodynamics lows. 
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On the basis of these assumptions, the fundamental system of equations for describing the shock-wave flows 
at point explosion in mixture (spherical symmetry 3ν = ) will be put in the form of the asymptotic averaged 
model (3.1.4), (3.2.7) created in Subsections 3.1, 3.2.  

1 12

2

1 0,
V r V u

t rr

− −∂ ∂
− =

∂ ∂
                                (4.1.1) 

0,u u pu V
t r r

∂ ∂ ∂
+ + =

∂ ∂ ∂
                                 (4.1.2) 

2

2 0,p r uu E
t r rr
∂ ∂ ∂ + + = ∂ ∂ ∂ 

                              (4.1.3) 

( ) ( )
0

1 1d 0.
d 1 1E

p V p V
E E

t
ε ε

τ
γ

 −   − 
− + − =   − Γ −   

                      (4.1.4) 

The dynamic state Equation (4.1.4) relates to the certain mass of medium, thereby the full derivative with  
respect to time t  is to be d dt t u r= ∂ ∂ + ∂ ∂ . The volume fraction of a condensed phase ε  is one-valued  
function of an averaged specific volume V  (3.2.8)  

0 0 .V Vε ε=  

Since there is an additional variable ( )f fr r t=  (or velocity of a shock wave ( )d dfD r t t= ), the system of  
equations is supplemented by the balance equation of the total energy: the energy of the medium bounded by the 
shock wave is equal to the initial energy of the medium ( )0 0,E p ρ  and the energy of the explosion 0E   

( )
2

3 2 2
0 0 0 0

0 0

4 4 1π , π d 4π d .
3 3 2 2

f fs r

f

E uE E p r E u s r r
V V

ρ ρ
 

+ = + = +  
 

∫ ∫                  (4.1.5) 

The state Equation (4.1.4) can be formally rewritten down in a form  

( ) ( )
1 dˆ, 1 .ˆ d1 E

p V
E

t
ε

γ γ τ
−  = Γ = − −Γ + Γ −  

                        (4.1.6) 

The physical sense of the operator Γ̂  concerns in that it specifies the thermophysical proterties of a medium 
as well as their changes due to internal relaxation processes. It can vary between ˆ γΓ =  for flows with the 
frozen thermal processes, and 0Γ̂ = Γ  for the equilibrium flows. For most media we have 0 γΓ < . As was 
noted for two-phase gas-containing mixtures, 0Γ  is usually close to 1, though not exactly equal to it. 

For wave propagation it is succeeded to reduce the form Γ̂  by introducing an additional assumption. The 
nonequilibrium between phases is considered to arise in shock front only (here ˆ γΓ = ). The wide zone relaxa- 
tion follows behind shock front, where the progressive equalization of temperatures between the components 
takes place. We assume that in flow behind the shock front, an additional nonequilibrium is not introduced 
between the components of medium and the time relaxation Eτ  is a constant value. Although these approxima- 
tions on flow is not faithful, however, they allow one to present the relationship (4.1.6) in an algebraic form, and 
hence, the analysis of wave propagation is essentially simplified for describing the relaxation processes. 

The parameter Γ̂  corresponds to the completeness of relaxation processes, hence, it is to be depended on the 
lifetime of a microscopic volume in the shock wave τ ′ . Then at the shock front we have 0τ ′ =  and ˆ γΓ = , 
while at τ ′ → ∞  we get 0Γ̂ → Γ . At these conditions from (4.1.6) it is easy to obtain the algebraic expression 
for the effective parameter Γ  to describe the relaxation process [37] [38] [40]  

( ) ( )0 0 exp .Eγ τ τ′Γ = Γ + −Γ −                               (4.1.7) 

In general, τ ′  is a function of the time t  and space coordinate r , i.e. ( ),r tτ τ′ ′= , and satisfies the differ- 
ential equation  

1u
t r
τ τ′ ′∂ ∂
+ =

∂ ∂
                                         (4.1.8) 
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with 0τ ′ =  for 0t =  and fr r= . 
We shall restrict ourselves the consideration of the strong shock wave where the initial internal energy of the  

gas can be neglected ( )3
0 0 0 0

4 π ,
3 fr E p Eρ ρ   in Equation (4.1.5). Then the boundary conditions at the shock  

front and center symmetry take the following form [46]  

( ) ( )0 0 2
0

1
0

0

0 at 0,
2 1 2 1

, ,
1 1

1 at ,
1 2

f f

ff

u r

u D p D

V r r

ε ε
ρ

γ γ
γ ρ

γ ε
−

= =

− −
= =

+ +
+

= =
− +

                       (4.1.9) 

In the case of a point source of energy 0E  the initial conditions for the system of equations can be found 
from the self-similar solution of the problem [50] [51]. 

Since the dependence on the volume fraction of a condensed phase ε , as it was proved in Section 3.3, can be 
considered separately, the system of equations shall be solved at the condition 0 0ε = . 

Consequently, we have obtained a closed system of Equations (4.1.1)-(4.1.3), (4.1.5)-(4.1.8) with boundary 
conditions (4.1.9) for the motion of a two-phase medium including the thermal nonequilibrium behind the shock 
front. This system consists of seven equations which have seven unknown variables: V , u , p , E , Γ , 
τ ′ , fr . 

The system of Equations (4.1.1)-(4.1.3), (4.1.5)-(4.1.8) is reduced to the dimensionless form by means of 
transformation of the dependent variables  

0 0
2, , ,

E

V p VuR U P
V D D

τθ
τ
′

= = = =                         (4.1.10) 

and independent variables  

2

d d, , 1 ,
d d

f f
E

f E

r rr Dz z
r D t tD

χη χ τ
τ

= = = − =                        (4.1.11) 

as follows:  

( ) ( )

( ) ( )

( ) ( )
( )

( ) ( )

( ) ( )

( ) ( )

1

1

1

1

1 2
1

0

0 0

1 0,

11 0,

1 2 0,
1 1

1 ,

d1 2 0,
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exp .

R R R Uz U

U U Rz U zU
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P P Uz U z

z U
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P UR

ν

ν

ν

ν

ν

ηχ η
χ η ηη

χ η
χ η η

ηχ η
χ η ηη
θ θχ η χ
χ η
ψχ ν ψ
χ

ψ η η

γ θ

−

−

−

−

−

∂ ∂ ∂
− + − + =

∂ ∂
∂ ∂ ∂

− + − + + =
∂ ∂

 ∂ ∂ Γ ∂
− + − + + = ∂ ∂ Γ − Γ − 

∂ ∂
− + − =

∂ ∂

− + + =

 
= + Γ − 

Γ = Γ + −Γ −

∫

                (4.1.12) 

We have seven equations for seven unknown variables R , U , P , θ , ψ , Γ , z . 
The boundary conditions for this system take the form  

0 at 0,
2 2 1, , 1.

1 1 1f f f f

U

U P R at

η
γ η η

γ γ γ

= =
+

= = = = =
+ + −

                      (4.1.13) 
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In the limiting case without relaxation processes ( )constγΓ = =  the dimensionless variables R , U , P  
are self-similar, whereas ( )0 3 2z t = = − . These self-similar distributions R , U , P  on 0 1η≤ ≤  are con-  
sidered to determine the initial conditions. 

The system of Equation (4.1.12) differs from the self-similar system of equation by the dependence of Γ  on 
time χ  and space coordinate η . This difference occurs only in energy Equation (4.1.12) containing the addi- 
tional term  

( ) ( ) ( )1 ln 1 .z Uχ η
χ η

 ∂ ∂
− + − Γ − ∂ ∂ 

 

It is clearly that at time instant 0χ   and long time 1χ   this additional term becomes negligible small. 
It means that the solution at these times is close to the self-similar solution, but with different parameters: 

γΓ =  at 0χ   and 0Γ = Γ  at 1χ  . 

4.2. Calculation of Shock Waves 
The occurrence of thermal relaxation is shown to make the description of the shock waves more complicated. 
The relaxation affects on rate of shock wave attenuation, on ratio between kinetic and internal energies, on 
impulse of the pressure in transient shock wave. In general case the shock wave parameters depend on properties 
of a medium 0ρ , γ , 0Γ , Eτ  and explosion energy 0E . 

The basic features of the evolution of strong shock waves in a relaxing medium are shown in Figures 6-9. 
The effect of the relaxation process on the change of the pressure profile is shown in Figure 6. In the central 
region a decrease in P  is observed at the initial instant of time, but later, as the average thermodynamic 
equilibrium is reached, the pressure increases and approaches to the value related to the self-similar flow with 

0Γ . 
The parameter Γ  represented in the form (4.1.7) can be considered as a relaxation function describing the 

heat exchange in two-phase medium. If the thermodynamic equilibrium exists between the phases, 0Γ  is 
identical to the ratio of the specific heats of the medium at constant pressure and constant volume [17]. In this 
case a decrease of 0Γ  is equivalent to an increase of the concentration and/or the specific heat of the condensed 
phase (the other conditions are the same). 

The effect of heat exchange on the attenuation of pressure in the shock wave is conveniently characterized by 
the parameter s  which relates the pressure at the shock front fp  to the distance from the center of the energy 
source in a form s

fp r−
 . If kinematic equilibrium exists between components we get  

d ln d ln2 .
d ln d lnf f

p Ds
r r

= − = −                                  (4.2.1) 

 

 
Figure 6. The pressure profile of shock wave at different time propagation. 
For all curves 1.4γ = , 0 1.2Γ = . Curve 1 relates to 0Et τ = ; 2 1Et τ = ; 
3 6Et τ = .                                                              
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Figure 7. The pressure on the wave front ( ) 16 5 2
0f EP p Aτ ρ

−
=  as a function 

of the dimensionless distance ( ) 12 5
f El r Aτ

−
= . Curve 1 relates to 0 1.4Γ = ; 2 

0 1.2Γ = ; 3 0 1.05Γ = ; 4 0 1.01Γ = . For all curves 1.4γ = .                     
 

 
Figure 8. The dependence of the energy redistribution from the explosion 
between the internal pE  and kinetic kE  energies of the medium on the 

dimensionless time Et τ . For all curves 1.4γ = . Curve 1 relates to 0 1.2Γ = ; 2 

0 1.05Γ = ; 3 0 1.01Γ = ; 4 0 1.0Γ = .                                         
 

 
Figure 9. The dependence of the dimensionless impulse of the pressure J  
on the dimensionless distance l . Curve 1 relates to 0 1.4Γ = ; 2 0 1.2Γ = ; 3 

0 1.05Γ = ; 4 0 1.01Γ = . For all curves 1.4γ = .                            
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It should be noted that for strong shocks, in which the relaxation processes occur within the shock front, the 
variable s  is a constant, whereas, in particular, for spherical symmetry we have the value 0 3s = . Then the 
reduction in the pressure drop with distance is related only to the geometric divergence of the flow. At the same 
time, for a medium in which the shock is damped more rapidly than in a uniform medium, the parameter s  
must exceed the value 0s  related to the self-similar solution. 

The presence of the relaxation process leads to a qualitative change in the nature of the attenuation of the 
shock wave. Unlike the case of a nonrelaxing medium, where the pressure and propagation velocity of the shock 
wave vary according to the power laws ( s

fp r−
 , 0.5s

fD r−
 ) with a constant exponent 0 3s = , the presence of 

relaxation leads to a variation of the exponent. The maximum absolute value maxs  exceeds (for the other 
parameters held constant) later 0s  in a medium with a smaller value of 0Γ . 

In Table 1 we show the dimensionless time Et τ  at which the maximum value maxs  is reached for specific 
values of 0Γ  and for fixed 1.4γ = . Far from the energy source and for Et τ  the relaxation processes do 
not really affect the nature of damping of the velocity and pressure on the shock front. In this case s  
asymptotically approaches its limiting value 0 3s = , corresponding to the self-similar solution. Indeed, if wave 
propagates over a long time ( )Et τ  and it remains yet strong shock wave ( )0p p

, then all relaxation 
processes take place in zone near to the shock front only. The flow behind this zone can be described with 
necessary accuracy by means of self-similar solution but with equilibrium parameter 0Γ . This is illustrated in  

Figure 7 where the dependence of the pressure on the wave front ( ) 16 5 2
0f EP p Aτ ρ

−
=  is shown as a function of 

the dimensionless distance ( ) 12 5
f El r Aτ

−
=  ( ( )1 5

0 0A E αρ=  see (3.3.28)). As is seen from Figure 7 the  

curves approach the asymptotic value at the same distance from the energy source. We note that the increase of 
the exponent s  larger than the self-similar value 0 3s =  is purely a relaxation effect. This effect is typical for 
the propagation of strong shock waves for a wide class of multiphase media (foam [35] [37] [40] [53], soil [13], 
bubble-like materials [54] [58]-[60]). 

An important characteristic related to the attenuation of the shock wave in the medium with relaxation is the 
variation of the ratio of the internal energy to the kinetic one during the relaxation process. The dependence of 
the energy redistribution from the explosion between the internal and kinetic energies of the medium on the 
dimensionless time is shown in Figure 8. We see that the energy redistribution in time also reaches a limiting 
value corresponding to thermodynamic equilibrium in the medium, and this process occurs more rapidly for 
larger value of the parameter 0Γ . However, at any fixed time instant, in a medium with a smaller value 0Γ  the 
ratio of the internal energy to the kinetic energy is always larger. But at the decrease of 0Γ  the difference in the 
energy redistribution decreases, and finally the ratio of energies approaches the dependence which is realized for 
the limiting value 0 1.0Γ =  (curve 4). 

The attenuation of shock waves in a relaxing medium is intimately connected with the need to decrease their 
intensity in order to avoid the breakup of the structures and objects. In practice, a breakup is determined in the 
most cases either by the impulse of the shock wave or by a quantity involving the impulse and the pressure on 
the shock front [61]. Since the relaxing multiphase media are so widely used in the damping of shock waves, the 
knowledge how the impulse of the shock wave changes throughout relaxation processes is of current interest. 
This is shown in Figure 9 as the dependence of the dimensionless impulse of the pressure  

( )
( )

( )
1

11 5
0 1, , dE

t r

J I A I p r t tτ ρ
∞

−= = ∫                        (4.2.2) 

on the distance ( ) 12 5
f El r Aτ

−
= . For constant 0ρ , a decrease of the parameter 0Γ  leads to a decrease of the 

impulse of pressure at a fixed relative distance. It must be pointed out that an increase of the density of the 
medium (all other properties being equal) can lead to an increase of the impulse of pressure I  even larger than  

 
Table 1. The time Et τ  for maximum value maxs  at specific values of 0Γ  and at fixed 0 1.4γ = .            

0Γ  1.2 1.05 1.01 

maxs  3.6 6.6 12.2 

Et τ  3.2 5.4 7.8 
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the value for a less dense nonrelaxation medium (see Figure 9), in spite of the decrease of the peak pressure p  
(Figure 7). 

4.3. Blast Waves in Foam 
Nature of the relaxation interaction between gas and liquid must be understood in order to predict the parameters 
of shock waves generated by the ignition of explosive in foam. At the explosion in foam the degree of 
completion of relaxation processes depends both upon the thermophysical properties of phases and the energy of 
the explosion determining the period of wave disturbance. 

Considering the attenuation of shock waves generated by nonpoint energy sources, such as chamical 
explosives, it should be noted that the increase of the density of the condensed phase in medium for purposes to 
reduce the shock wave parameters simultaneously causes a decrease of the shock formation region and, hence, 
an increase of the shock parameters at the interface between the two-phase medium and the explosion products. 
It is natural to assume that in some region of shock wave formation the pressure amplitude at the shock front in 
the two-phase medium will also be greater than in a gas. 

4.3.1. Experimental Study 
To find the nature of the relaxation interaction between the phases and to obtain quantitative estimates of shock 
attenuation in the formation region for the shock waves generated by solid explosives, we have studied 
experimentally both the velocity field of shock waves (see Figure 10) and the pressure at front (see Figure 11) 
in an air foam with a mass concentration of liquid of 10 - 15 kg/m3. The experimental results for air from Refs. 
[6] [62]-[66] are also represented in Figure 10 and Figure 11. 

The experiments were conducted with spherical explosive charges having a bulk mass of 0.5 - 2.8 kg  
( )0 5.4 MJ kgE =  and using electrical contact probes. Figure 10 shows the observed variation of the shock 

velocity with the reduced radius 1 3
fR r Q=  ( Q  is mass of explosive charge) in foam and in air [62]. It can  

be seen that at closer distances from the charge, there is a sharp reduction in the differences between the shock 
velocities in the foam and gas. 

For 1 30.4 m kgR >  where the direct measurements of the pressure were performed (a continuous curve in 
Figure 11) with charges having a mass of 0.5 - 2.8 kg the difference between the measured values of the 
pressure and those calculated from the velocity lies within the measurement error of 20% - 30%. Hence, analysis 
of the experimental data indicates that the relationship between the Mach number and the ratio of the maximum 
pressure in a shock wave fp  to the initial pressure 0p  is  

 

 
Figure 10. The velocity of the wave front D  as a function of the reduced 
distance 1 3

fR r Q= . Curve 1 is the calculated curve; 2 experiment in foam; 

3 experiment in air. 0R  is radius of explosive charge.                         
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Figure 11. The pressure on the wave front fp  as a function of the reduced 

distance 1 3
fR r Q= . Solid curve is experiment in foam. Curve 1 is the 

calculated curve; 2 experiment in air.                                     
 

2

0

.fp
M

p


                                   (4.3.1) 

Here 0M D c=  is the Mach number, and 
( )

2 0
0 0

0 01
p

c
ρ ε

= Γ
−

 is the equilibrium sound velocity in foam. In  

the zone nearest to the explosion charge the pressure ratio at the wave front is close to the ratio for kinematic 
equilibrium between the phases. Thus, we may assume with this accuracy that the kinematic interphase 
equilibrium exists in the shock front. The curve 1 of Figure 11 represents the pressure field of a point explosion  
in foam taking the thermal relaxation into account. As can be seen in Figure 11, when 1 30.3 m kgR ≈  the  
pressure in a foam becomes comparable to the pressure at a shock front in air and sharply increases as the charge 
is approached, whereas at the boundary of charge, judging from the shock velocity, the pressure must be 

500 MPap = . These data agree with the predictions of the initial parameters of a shock wave at the interface 
explosion products of RDX-foam. From the analysis of shock adiabat for foam at 315 kg mσ =  and isentrope 
of the expansion of the RDX explosion products for 6000 m sD =  and 500 MPap = , the parameters of the 
wave weakly depend upon a degree of the completion of thermal relaxation between the phases. Thus, the 
attenuation does not occur near the explosive charge and furthermore in this zone the shock wave parameters in 
foam can be larger than those in air. This fact must be taken into account when using a foam as a damping 
medium. 

It is important that there are the abrupt reductions of the wave parameters both for pressure  

d ln, 4
d ln

ps
p

pp R s
R

− = − =
                          (4.3.2) 

and for propagation velocity  

d ln, 2
d ln

Ds
D

DD R s
R

− = − =
                         (4.3.3) 

in foam with distance. Note that for nonrelaxation medium these exponents can not exceed the values 3ps =  
and 3 2.Ds =  

The experimental dependencies of the reduced impulse of the pressure J  (4.2.2) on the reduced distance R  
are shown in Figure 12. At distance, where we have carried out the experimental study, there is a monotone 
reduction of the impulse. The comparison with experimental data in air (curve 1 in Figure 12) points up the  
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Figure 12. The reduced impulse of the pressure J  as a function of the 
reduced distance 1 3

fR r Q= . Curve 1 is experiment in air; 2 experiment in 
foam; 3 the calculated curve.                                             

 
different dependencies of impulse of the pressure in these media. The dependence observed in air [62] [63] 
relates to the shock wave formation. Simultaneously, the monotone dependence of the impulse in foam points up 
the more near formation of the shock wave to the explosive charge. The experimental results confirm that the 
gas-liquid foam is one of media in which the relaxation phenomena are more pronounce usually. 

The abrupt attenuation of the wave observed in foam in comparison with attenuation in gas is associated with 
the processes of heat exchange between liquid and gas. In this case the increase of attenuation of the shock wave 
parameters, depending on a distance, enables us to make the conclusion that the thermal relaxation occurs more 
slowly than the kinematic equilibrium is established between phases. 

4.3.2. Comparison of Calculation with Experiment 
The correlation between the experimental results for the wave velocity D  and the pressure at front fp , as we 
have already noted, points up that with accuracy of experimental error the relationship (4.3.1) takes place. In 
order to the relationship (4.3.1) be valid, it is important to reach the kinematic equilibrium in contrast to the  

thermal equilibrium. Indeed, 
( )

2 0
0 0

0 01
p

c
ρ ε

= Γ
−

 is slightly dependent on the exchange of 0Γ  for γ , i.e. on  

the completeness of thermal relaxation, while this value 0c  essentially depends on the density of a medium. 
Hence, to satisfy the relationship (4.3.1) it is sufficient to reach the kinematic (without thermal) equilibrium 
between phases. Thus, if the relationship (4.3.1) is true, then we can believe that velocities of the two phases are 
equal. It means that the profile of wave behind the shock front is determined by other interphase processes. 
These above-mentioned arguments enable us to apply the one-velocity model for describing the relaxation 
effects. 

The results of Ref. [67] confirm the suggested approach. It is noted [67] that in dusty gas at initial time instant 
the particles lag from the gas. However, henceforth the gas flow involves the particles and the velocity of 
particles increases. Furthermore, the geometrical divergence of gas flow provides the decrease of its velocity and 
as a results the particles velocity can exceed the gas velocity. The particles involved by flow move to the shock 
front, whereas their velocity becomes sufficient to sustain the shock wave. 

The process of formation and propagation of a shock wave generated by chemical explosion can be imagined 
as follows. At explosion of a charge the explosive products with high pressure transmit gradually the energy to 
the surrounding medium. Since the shock wave velocity is lower in two-component medium (the foam) than in 
gas, the transfer of energy from explosive products to a foam occurs more fast than to a gas possessing lesser 
density. Thus, the shock wave in foam should be formed nearer to a charge than the shock wave in gas. Here, we 
point out once again that the formation of the shock wave in near zone to a charge in foam confirms by the 
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experiments on the pressure impulse in foam and air (see Figure 12). On the basis of the experimental results, 
we can claim that in zone, where the direct measurements of pressure and impulse have been performed, the 
shock wave had already been formed. 

After the formation of shock wave, the mechanism which energetically supports the wave perturbation is 
likely to be caused by both the pressure of a gas phase and the kinetic energy of a condensed phase. This last 
process is considered to lead to the equalization of velocities between phases in flow behind the shock front. 

The more near formation of the shock wave to the explosive charge enables us to use the assumption on the 
kinematic equilibrium, and, thus, to estimate the pressure through the Mach number in zone, where the direct 
measurements of pressure have not been performed (dashed line 1 in Figure 11). The estimations point that here 
pressure in foam exceeds the pressure in air. 

In flow behind front, where the kinematic equilibrium is considered to take place, the relaxation effects 
concern with other interphase interactions such as heat exchange, radiation, partial mass exchange between 
phases, etc. Such internal processes evidently lead to the loss of energy determining the pressure of medium. 
The process of thermal relaxation is slow in a comparison with the time to attain a maximal pressure at wave 
front. The effect from the energy transfer caused by above-mentioned processes in flow behind shock front is 
not immediately manifested in front parameters of wave. The hydrodynamic laws constitute the transmission of 
information on the loss of heat in gas phase from the deepness of flow to the shock front. Consequently, in order 
to describe the propagation of shock wave, it is necessary to solve the time-dependent hydrodynamic equations. 
The simulation of propagation of the shock waves generated by point explosive charge has been carried out in 
Subsecetions 4.1, 4.2. 

Now we compare computer calculation with experimental results on the propagation of shock waves in the 
foam possessing the relaxation effects. The assumption on the ideal energy source (i.e., the point charge and the 
instantaneous energy release) does not allow us to compare directly numerical data with experimental results 
where waves have been generated by the real chemical explosion. For example, the comparison of the pressure 
in air from point charge and real one shows that at distances where the dependence 3p R−


 is valid, the 

energy equivalent of point charge accounts for 60% of energy of a real charge [66]. Hence, it is necessary (i) 
whether to define the energy equivalent of point charge, (ii) or to compare the relative values, i.e. the values of 
variables in flow in the relaxing medium related to the appropriate values in the nonrelaxation medium. In the 
second case it is naturally to compare the experimental and numerical values of wave parameters in the foam 
and in the medium which is described by the state equation for ideal gas without relaxation processes. First of all, 
such a medium can be a gas. For instance, the known results on the explosion in air can be attracted [62]-[65]. 
The energy part of real source forming directly the shock wave (energy of point source) is estimated from a 
comparison of the calculated value 3

fp l  and experimental value 3pR , whereas the value 3pR  is to be 
defined in the vicinity of charge where the relaxation effects are negligible, but the shock wave has already been 
formed. For gas-liquid foam the energy equivalent of point charge accounts for 50% - 60% of energy of real 
source. The characteristic time for heat exchange between the gas and liquid in foam can be estimated by 
determining the parameter ps  (2) from the curve slope for dependence of pressure on distance (see Figure 11). 
For 1 30.5 m kgR = , where the shock wave can still be regarded as strong one, we have 4ps = . Knowing the 
time propagation of the shock from the surface of the explosive charge to the specified distance, we can easily 
define the characteristic heat exchange time, which is estimated as 150 -180 μsEτ = . At the calculated energy 
equivalent accounted for 50% - 60% of the real energy explosion and the characteristic time of relaxation 

150 -180 μsτ = , the experimental and theoretical dependencies for the shock front velocity D  as well as for 
the pressure at shock front fp  are in agreement with each other within appropriate accuracy. In Figure 10 and 
Figure 11 the calculated values of mentioned variables are illustrated by dashed lines. In the vicinity of charge 

1 30.15 m kgR < , the calculated values of the wave velocity in foam exceed the measured values in air. It 
means that a zone of the shock wave formation in foam is smaller than in air. For the distances 1 30.7 m kgR > , 
where we do not take into account the internal energy of medium (or counterpressure) in calculations, the 
calculated values for pressure and wave velocity are smaller than the measured values. The neglect of the 
counterpressure in calculation of the impulse of pressure causes the larger errors than errors in the calculated 
pressure and wave velocity. It is concerned with the different pressure profiles at large distances. Nevertheless, 
at distances, where 0p p∆  , at measurement of the impulse of pressure J , the errors caused by the account of 
a counterpressure 0p  and a wave rarefaction are party mutually compensated. As a result at the distances, 
where we have performed the direct measurements of the impulse of pressure, we observe the agreement 
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between the calculated and measured values for the impulse of pressure (see Figure 12). 
Apart from the comparison of absolute values, we have compared the relative values related to the appropriate 

values in air. It is interesting to compare the change in pressure for a transient wave in relaxing medium (foam) 
and in nonrelaxation one (for example, in air). Such a value can be the pressure attenuation coefficient. As 
usually, by definition the pressure attenuation coefficient is the ratio of the pressure in nonrelaxation medium to 
the pressure in relaxing medium at a fixed distance. 

Since the pressure attenuation coefficient under conditions of the kinematic equilibrium between phases 
depends only on the heat transfer between phases, then it becomes possible to deduce the trend of thermal 
relaxation in a two-phase medium, without distortion, from experimental data on attenuation of shock waves. In 
order to establish the model kinetics here, it is appropriate to compare the experimental curves of shock wave 
attenuation in foam and in medium describable in terms of the state equation for gas without relaxation 
properties. Since such a medium can, specifically, serve gas, then the available data on explosion in air [62] [63] 
can be used for this purpose. 

From these experimental data one calculates the pressure attenuation coefficient as the ratio of pressure in air 
to pressure in foam at the fixed dimensionless distance. It must be taken into consideration that in the zone 
where the energy source cannot be regarded as a point source, the pressure attenuation coefficient K  is lower 
than coefficient calculated theoretically. Indeed, in denser medium (foam) the shock wave begins to “disregard” 
the nonideality of the energy source nearer to it than in air [62] [63]. The pressure at the front of shock wave 
attributable to nonideality of the energy source within the zone of shock wave formation should be higher in 
foam than in air. 

To predict the shock wave attenuation in foam on the basis of the suggested model, one needs to have an 
experimental point as reference, inasmuch as the parameter Eτ  is involved. In this study the value 

1 30.4 m kgR =  was used as the reference point for calculations. A better agreement between the pressure  
attenuation coefficient calculated from the experimental results (see Figure 11) and estimated theoretically is 
observed for 150 -180 μsEτ =  and the energy equivalent accounted for 50% - 60% of the energy explosion 
(see Figure 13). 

Figure 13 depicts the dependence of the pressure attenuation coefficient on the reduced distance 1 3
fR r Q= , 

according to experiment (dash line) and according to theory (solid line). A comparison of these curves indicates 
that it is possible to describe the trend of shock wave attenuation in a two-phase medium with 0 1Γ ≈  and to 
evaluate the parameters of a shock wave during the strong stage of the explosion by means of the suggested 
model. The disregard of the counterpressure results, as was to be expected, in an overestimation of the pressure 
attenuation coefficient at 1 30.6 m kgR > . 

 

 
Figure 13. Pressure attenuation coefficient for a blast wave in foam. The 
estimated values are represented by curve 1; the experimental values—by 
curve 2.                                                            
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The represented analysis showed that thermal relaxation significantly changes the flow parameters and 
increases the attenuation of strong shock waves in two-phase media. The dependence of the shock attenuation 
coefficient on the inner heat-exchange processes in medium has been demonstrated. It has been found that the 
parameters of shock waves in foam are enhanced in comparison with the parameters in gas near a nonpoint 
energy source because of the conditions under which energy is transferred from the source to the medium. 

Since the thermal relaxation times obtained by two independent methods correlate, it appears that an adequate 
description of the relaxation processes in foam is possible within the framework of the suggested theory. The 
results of experimental and theoretical investigations of the relaxation phenomena which accompany the 
propagation of shock waves in foam indicate that within the scope of relaxation hydrodynamics it is possible to 
explain the observed phenomena and estimate the efficiency of medium as localizer of the sock wave action. 

5. Conclusions 
The asymptotic averaged model has been developed for describing nonlinear long-wave processes in relaxing 
media with a structure. The derived integral differential system of equations cannot be reduced to the average 
terms (pressure, mass velocity, specific volume) and contains the terms with characteristic sizes of individual 
components. On the microstructure level of the medium, the dynamical behavior is governed only by the laws of 
thermodynamics. On the macrolevel, the motion of the medium can be described by the wave-dynamical laws 
for the averaged variables with the integrodifferential equation of state containing the characteristics of the 
medium microstructure. On the acoustic level, the propagation of long waves can be properly described only in 
terms of dispersive dissipative properties of the medium, i.e. the dynamical behavior of the medium can be 
modeled by a homogeneous relaxing medium. However, finite-amplitude long waves respond to the structure of 
the medium in such a way that the dynamical behavior of the medium cannot be modeled by a homogeneous 
medium even for long waves, if they are nonlinear. The structure of the medium influences the nonlinear wave 
propagation. The heterogeneity of the structure of medium always introduces additional nonlinearity that does 
not arise in a homogeneous medium. 

It was shown that the solution of many problems for multi-component media with incompressible phases can 
be obtained through the known solution of a similar problem for a homogeneous compressible medium by 
means of the suggested transformation. Thus, it is not necessary to solve directly the problem for the medium 
with incompressible component, and it is sufficient just to transform the known solution of the similar problem 
for a homogeneous medium. The scope for the suggested transformation has been demonstrated by the reference 
to the strong explosion state in a two-phase medium. 

The special attention was focused on the research of blast waves in multi-component media with thermal 
relaxation. The dependence of the shock damping parameters on the thermal relaxation time has been analyzed 
in order to provide a deeper understanding of the damping of shock waves in such media and to determine their 
effectiveness as localizing media. This problem attracts the interest also in view of the practical possibility to 
estimate the efficiency of medium for damping the shock wave action. The attenuation of shock waves in a 
gas-liquid foam generated by condensed explosive charges is described in terms of a relaxed transfer of heat 
from the gas phase to the condensed phase. We have solved the problem on finding of the dependence of the 
flow behind the shock front on the thermophysical properties of the medium and the completeness of relaxation 
processes. To find the nature of the relaxation interaction between the components of medium and to estimate 
the attenuation of shock waves generated by solid explosives, we have studied experimentally both the velocity 
field of shock waves and the pressure at front in an air foam. The comparison of experimental and theoretical 
investigations of the relaxation phenomena which accompany the propagation of shock waves in foam indicates 
that within the scope of relaxation hydrodynamics we can explain the observed phenomena and estimate the 
efficiency of medium as localizer of the sock wave action. The dependence of shock wave attenuation on the 
shock loading, especially on the explosion energy has been defined. 
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