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Abstract

A Backlund transformation both in bilinear form and in ordinary form for the transformed Vakhnenko equation is
derived. An inverse scattering problem is formulated. The inverse scattering method has a third-order eigenvalue
problem. A procedure for finding the exact N-soliton solution of the Vakhnenko equation via the inverse scattering
method is described. The procedure is illustrated by considering the cases N = 1 and N = 2. © 2002 Elsevier Science
Ltd. All rights reserved.

1. Introduction

This paper deals with the nonlinear evolution equation

0/0 0

which was first presented by Vakhnenko in [1] to describe high-frequency waves in a relaxing medium [2]. Hereafter
(1.1) is referred to as the Vakhnenko equation (VE).

In [1,3] the travelling-wave solutions of the VE were derived. A remarkable feature of the VE is that it has a soliton
solution which has loop-like form, i.e. it is a multi-valued function (see Fig. 1 in [1]). The physical interpretation of the
multi-valued functions that describe the loop-like soliton solutions was given in [2]. In [4] the symmetry properties of the
VE were studied. It is significant that the loop-like solutions are stable to long-wavelength perturbations [3] and that the
introduction of a dissipative term, with dissipation parameter less than some limit value, does not destroy these loop-
like solutions [2]. Recently we obtained the two-loop soliton solution to the VE both by use of Hirota’s method [5] and
by use of elements of the inverse scattering transform (IST) procedure for the KdV equation [6]. We have obtained the
N-loop soliton solution to the VE by use of Hirota’s method [7]. As we have shown that the VE is integrable, the IST is
the most appropriate way of tackling the initial value problem. In order to use the IST method one first has to formulate
the associated eigenvalue problem. This can be achieved by finding a Backlund transformation associated with the VE;
it is well known that the Backlund transformation is one of the analytical tools for dealing with soliton problems and
has a close relationship to the IST method [8-10]. In this paper we use the IST method to find the exact N-soliton
solution of the VE.

In Section 2 we summarise how we previously introduced new independent coordinates in terms of which the
solution to the VE is given by single-valued parametric relations [5,6]. The transformation into these coordinates is the
key to solving the problem of the interaction of solitons as well as explaining multiple-valued solutions [2]. This
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transformation also leads to a transformed VE that can be expressed in bilinear form in terms of the Hirota D operator
[8]. In Section 3 we present the Backlund transformation in bilinear form and in ordinary form for the VE written in
terms of the new independent variables. The former type of Backlund transformation was first introduced by Hirota [9]
and has the advantage that the transformation equations are linear with respect to each dependent variable. The
Backlund transformation in ordinary form enables one to relate pairs of solutions of the VE. In Section 4 we find that
the IST problem for the transformed VE involves a third-order eigenvalue problem. The inverse problem for certain
third-order spectral equations has been considered by Kaup [11] and Caudrey [12,13]. In Section 5 we adapt the results
obtained by these authors to the present problem and describe a procedure for using the IST to find the N-soliton
solution to the transformed VE, and hence to the VE itself. In Section 6 we consider the cases N =1 and N =2 in
more detail.

2. Equation in new coordinates

As previously [5,6], we define new independent variables (7, X) by the transformations
@dTl = dx—udt, X =t (2.1)

The function ¢ is to be obtained. It is an additional dependent variable in equation system (2.3), (2.4) to which we
reduce the original equation (1.1). The transformation (2.1) is similar to the transformation between Eulerian co-
ordinates (x,#) and Lagrangian coordinates (7,X). We then require 7 =x if there is no perturbation, i.e. if
u(x,t) =0. Hence ¢ =1 when u(x,7) =0. For example, it may be shown from Egs. (12) and (14) in [1] that
@ =1 —u/v for the one-loop soliton solution.

In terms of the coordinates (7,X) and the unknown U (X, T) = u(x,?), Eq. (1.1) becomes

0 0
¢”&ﬁ}U+U=O (2.2)

An equation for the variable ¢ can be obtained in the following way. Noting that the transformation inverse to (2.1) is
dx = dT + UdX,
and taking into account the condition that dx is an exact differential, we get

O0p OU

67 — 67 . (2.3)
This equation, together with (2.2) rewritten in the form

Rt

YL Up=0 2.4

i+ Ue =0, (24)

is the main system of equations. In terms of the coordinates (7,.X) the solution is given by single-valued parametric
relations. The transformation into these coordinates is the key to solving the problem of the interaction of solitons as
well as explaining multiple-valued solutions [2]. The equation system (2.3), (2.4) can be reduced to a nonlinear equation
in the unknown W defined by

Wy =U (2.5)

as follows. As in [5,6], we study solutions U that vanish as [X| — oo or, equivalently, solutions for which W tends to a
constant as |[X| — oo. From (2.3) and (2.5) and the requirement that ¢ — 1 as |[X| — co we have ¢ = 1 + W;; then (2.4)
may be written

Wyxr + (1 + W)Wy = 0. (2.6)
Furthermore, it then follows that the original independent space coordinate x is given by
x=0X,T)=x0+ T+ W(X,T), (2.7)

where

W:/XWYJMY (2.8)
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and x, is an arbitrary constant. Now the solution to the VE is given in parametric form by
ulx,t) =U(,T), x=0@tT), (2.9)
where, for T fixed, the functions U(¢, T) and 0(¢, T) are single valued.
Finally, by taking
W=6(nf),, (2.10)
where f is a function of X and 7, we observe that (2.6) may be written as the bilinear equation [5]

(DrDy +Dy)f - f =0, (2.11)

where D is the Hirota binary operator defined by

0 d\"/ 0 a1\

X'=XT'=T
for non-negative integers m and n [8].

In passing we note that the Hirota—Satsuma equation (HSE) for shallow water waves [14] may be written in the form
Wixr + (1 4+ Wr) Wy — Wy =0, (2.12)

or in bilinear form as
(DrDy + Dy — DDy )f - f = 0. (2.13)

Clearly (2.12) and (2.13) are similar to, but cannot be transformed into, (2.6) and (2.11), respectively. Hence solutions
to the HSE cannot be transformed into solutions of the transformed VE. The solution to the HSE by Hirota’s
method is given in [14]; however, as far as we are aware, the solution by the IST method has not been given explicitly
in the literature.

Our main aim in this paper is to give the details of the IST method for solving the transformed VE. This is done in
Section 5. First, however, we need to formulate the scattering problem. This is done in Section 4 using results from
Section 3.

3. Béacklund transformation for the transformed Vakhnenko equation

In this section we present a Backlund transformation for (2.11), the bilinear form of Eq. (2.6).
We follow the method developed in [9]. First we define P as follows:

P:=2{[(DrDy + D)/ - f'/f = 1'f'[(DrDy + DY) f - 1}, (€AY

where f # f'. We aim to find a pair of equations such that each equation is linear in each of the dependent variables f
and f”, and such that together / and f” satisfy P = 0. (It then follows that if / is a solution of (2.11) then so is /” and vice
versa.) The pair of equations is the required Backlund transformation.

We show that the Backlund transformation is given by the two equations

(Dy =W - =0, (3.2)

where 2 = A(X) is an arbitrary function of X and p = pu(7) is an arbitrary function of T.
We prove that together / and f’, as determined by Egs. (3.2) and (3.3), satisfy P = 0 as follows. By using the
identities (VIL.3), (VIL.4) from [15], and Eq. (5.86) from [§8] we may express P in the following form:

P=Dr[(Dyf" - f) - (f'f) = 3(Dxf" 1) - (Dxf"- )] + Dx[3(DrDyf" - f) - (f'f) = 6(DxDrf" - f) - (Dxf" - f)

=3(D%S" ) - (Def" - f) +4Dxf" - f) - (F1))- (3.4)
On using the identities (A.1) and (A.2) given in Appendix A we can rewrite P in the following form:
P=4Dr({Dy = AX)}f"- ) - (f'f) = 4Dx({3DrDx + 1 + u(T)Dx}f - f) - (Dxf" - f). (3.5)

From (3.5) it follows that if Egs. (3.2) and (3.3) hold then P = 0 as required.
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Thus we have proved that the pair of equations (3.2) and (3.3) constitute a Backlund transformation in bilinear form
for Eq. (2.11). Separately these two equations appear as part of the Backlund transformation for other nonlinear
evolution equations. For example,Eq. (3.2) is the same as one of the equations that is part of the Backlund trans-
formation for a higher-order KdV equation (see Eq. (5.139) in [8]), and Eq. (3.3) is similar to (5.132) in [8] that is part of
the Backlund transformation for a model equation for shallow water waves.

The inclusion of u in the operator 3D; + u(T) which appears in (3.5) corresponds to a multiplication of f and f” by
terms of the form e¢(") and e¢'("), respectively; from (2.10) we see that this has no effect on 7 or #’. Hence, without loss
of generality, we may take u = 0 in (3.3) if we wish.

Following the procedure given in [8,16], we can rewrite the Backlund transformation in ordinary form in terms of the
potential W given by (2.8). In new variables defined by

o=Inf/f,  p=InfYf, (3.6)
Egs. (3.2) and (3.3) have the form

Gy + 3Pxpyy + y — 4 =0, (3.7)

3(pxr + dxdr) + 14 udyx =0, (3.8)

respectively, where we have used results similar to (XI.1)~(XI.3) in [8]. From the definitions (2.10) and (3.6), different
solutions W, W' of Eq. (2.6) are related to ¢ and p by

W —W =6¢y, W'+ W =6py. (3.9)
Substitution of (3.9) into (3.7) and (3.8) with u = 0 leads to
1 1
W' = W)y +5 (W = W)W+ W)y + 3V = W) —6i.=0, (3.10)
1 1
W =W |3(W' + W)y, +§(W' —-wyw' - W)T} —6(W —w), {1 +§(W' + W)T} =0, (3.11)

respectively. The required Backlund transformation in ordinary form is the pair of equations (3.10) and (3.11).

4. Formulation of the inverse scattering eigenvalue problem

In this section we will show that the IST problem for the transformed VE in the form (2.6) has a third-order ei-
genvalue problem that is similar to the one associated with a higher-order KdV equation [11,16], a Boussinesq equation
[11,12,17,18], and a model equation for shallow water waves [8,15].

Introducing the function

v=rif, (4.1)
and taking into account Egs. (2.5) and (2.10), we find that Egs. (3.2) and (3.3) reduce to

Yy + UYy — ) =0, (4.2)

3 + (Wr + Dy + iy =0, (4.3)

respectively, where we have used results similar to (X.1)—(X.3) in [8]. It may be shown from (4.2) and (4.3) that, even
with p #£ 0,

Wixr + (1 4+ W)Wyl ¥ + 324, = 0.

Hence (2.6) is the condition for /1y = 0, and hence for / to be constant. Constant / is what is required in the IST problem.

Since (4.2) and (4.3) are alternative forms of Eqgs. (3.2) and (3.3), respectively, it follows that the pair of equations
(4.2) and (4.3) is associated with the transformed VE (2.6) considered here. Thus the IST problem is directly related to a
spectral equation of third order, namely (4.2). The inverse problem for certain third-order spectral equations has been
considered by Kaup [11] and Caudrey [12,13]. As expected (4.2) and (4.3) are similar to, but cannot be transformed into,
the corresponding equations for the HSE (see Eqgs. (A8a) and (A8b) in [19]). Clarkson and Mansfield [20] note that the
scattering problem for the HSE is similar to that for the Boussinesq equation which has been studied comprehensively
by Deift et al. [18].



V.O. Vakhnenko, E.J. Parkes | Chaos, Solitons and Fractals 13 (2002) 1819-1826 1823

5. The N-soliton solution

The general theory of the inverse scattering problem for N spectral equations has been developed in [12]. Following
the procedure given in [12], the spectral equation (4.2) can be rewritten in the form

0

o = [AQ) +BOLO) b (5.)
by putting

W 010 0 0 0
w—(m), —(0 0 1), B—(o 0 0). (5.2)
Yy A 0 0 0 -U 0

The matrix A has eigenvalues 4;({) and left- and right-eigenvectors ¥;({) and v;({), respectively, where
1

WO=of  BO=4 wO=|4]|  HO=(Z4 um 1) (5:3)
2
J

and w; = €2"U=1/3 are the cube roots of 1.
The solution of the linear equation (2.6), or equivalently Eq. (5.1), has been obtained by Caudrey [12] in terms of
Jost functions ¢,(X, {) which have the asymptotic behaviour

D;(X,{) = exp{—4,(()X}¢,(X,{) = v,({) as X — —oc. (54)

Here T is regarded as a parameter; the 7-evolution of the scattering data will be taken into account later. The
solution of the direct problem is given by the equation system (4.5) in [12]. We shall restrict our attention to the N-
soliton solution. To do this we consider equation (6.20) from [12] by putting O;;({) = 0. Then there is only the bound
state spectrum which is associated with the soliton solutions.

Let the bound state spectrum be defined by K poles. The relation (4.5) from [12] is reduced to the form

L& & el A = A o
ho=t ;ZV l(cl))—m) Pl (5:3)

We need only consider the function @,(X,{) since there is a set of symmetry properties as for the Boussinesq
equation, namely the properties (6.15) in [12] for Jost functions ¢,;(X,{). Eq. (5.5) involves the spectral data, namely
the poles C( and the quantities y,/) First we will prove that Re 4 = 0 for compact support. From Eq. (4.2) we have

(i) xxx + Uy )y — My =0 (5.6)
and together with Eq. (4.2) this enables us to write

a * * *

i (g = Wi+ U ) — e 0. (57

Integrating Eq. (5.7) over all values of X, we obtain that for compact support Re 4 = 0 since, in the general case,
Jo by dX £ 0.

As follows from Egs. (2.12), (2.13), (2.36) and (2.37) of [11], ¥, () is related to the adjoint states *(—¢). In the usual
manner, using the adjoint states and Eq. (14) from [13], and Eq. (2.37) from [11], one can obtain

Py (X,0) = \/—[(/)1)( = 00)$ (X, — 030) — ¢ (X, — 030y (X, — 02{)]. (5-8)

Itis eas11y seen that if C is a pole of ¢, (X, (), then there is a pole either at (, = —o)zc_, ) (Gf ¢, (X, —my{) has a pole),
or at C —ws C“) (if ¢, (X, —w3{) has a pole). For definiteness let C - Cl) Then, as follows from (5.9),
w3C should be a pole. However, this pole coincides with the pole 4’ since w3C = —w;3(— wz)C(l C . Hence,

the poles appear in pairs, C<2" D and CZ") under the condition {\*"/ 5(2” U = _w,, where n is the pair number.

Let us consider N pairs of poles, i.e. in all there are K = 2N poles over which the sum is taken in (5.5). For the pair n
(n=1,2,...,N) we have the properties
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i) "V =ime, () = —iosg, (5.9)

Since U is real and 4 is imaginary, &, is real. The relationships (5.9) are in line with the condition (2.33) from [1 1] These
relationships are also similar to Eqgs. (6.24) and (6.25) in [12], while yl) turns out to be different from yj for the
Boussinesq equation (see Egs. (6.24) and (6.25) in [12]). Indeed, by cons1der1ng (5.8) in the v1c1n1ty of the first pole {; (2n=1)
of the pair n and using the relation (5.5), one can obtain a relation between ylzz" " and yn In this case the functions
D1y (X, 0), & (X, —20), 14 (X, —m,0) also have poles here, while the functions ¢, (X, —w3(), ¢, (X, —®;{) do not have

poles here. Substituting ¢, (X, C) in the form (5.4), (5.5) into Eq. (5 8) and letting X — —oo, we have the ratio

P2 /53 = @, and 312 = 9"V = 0. Therefore the properties of y” should be defined by the relationships
(i) Vlzzn ! = w2f, ”/(123n v =0,
e (2n) (5.10)
(i) ’/12 =0, T3 = o3fy,
where, as will be proved below, f, is real when U is real.
By expanding @ (X, {) as an asymptotic series in /lfl ({), one can obtain (cf. Eq. (2.7) in [11])
1 2.
D (X,0) =1 ————[W(X) = W(—00)] +O(4*()). (5.11)
340
On the other hand, by defining
3
Ve (X) =Y 91 exp{ ()X} (X, o), (5.12)
=2
we may rewrite the relationship (5.5) as (see, for instance, Egs. (6.33) and (6.34) in [12])
o s (k)
exp{—+4 X
®(X,0) =1 7ZF{®1—WWk(X). (5.13)
i A) =4
From (5.11) and (5.13) it may be shown that (cf. Eq. (6.38) in [12])
0
W(X)—W(-0) = -3 Z exp{—A ()X} (X) =35y In(detM). (5.14)

The matrix M is defined as in the relationship (6.36) in [12] by
w exp{[4(7) — m(GHIxy
Myu(X) =0u—) v — - . (5.15)
Z Y aE) - @)

Now let us consider the 7-evolution of the spectral data. By analyzing the solution of Eq. (4.3) when X — —o0, we
find that ¢,(X, T, ) = exp[—(34()) ' T)¢,(X,0,(). Hence the T-evolution of the scattering data is given by the rela-
tionships (with £k = 1,2,...,K)

O =90, @) =90 exp{ [~ B4 + BaE) T (5.16)

The final result, including the 7-evolution, for the N-soliton solution of the transformed VE is

UX,T) = 3;—;2 In(det M (X, T)), (5.17)

where M is the 2N x 2N matrix given by

3 (k)yy—1 (k) #(k)y (1)
My =303 IR e ) +S(Ag(ﬁ)c)l _))122/;0 () = a()x} 5.18)

and
n=12...,N, m=2n—1,
W) =026, ") =iasé,,  70(0) = mf,, 713 (0) =0,
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2 re(m+l . m . P m+1 m+1
M) = o,y () = ol 9ET0) =0, 33T (0) = B,

For the N-soliton solution there are N arbitrary constants £, and N arbitrary constants f3,,.

6. Examples of one- and two-soliton solutions

In order to obtain the one-soliton solution of the transformed VE (2.6) we need first to calculate the 2 x 2 matrix M
according to (5.18) with N = 1. We find that the matrix is

( 1= 20 exp[V3E6X — (V3&)'T] 58 expRion& X — (vV3&) 7] )

) .1
%ﬁlﬁl exp[—2iw & X — (\/§£1)’1T] 1 —%'ii exp[V3E X — (\/§§1)71T} (6.1)

and its determinant is

- B AN
detM = {1 +2\/§§1 exp [\/ggl (X 35%)} } . (6.2)

Consequently, from (5.17), the one-soliton solution of the transformed VE as obtained by the IST method is

9. [ V3, T
U—Eflsech [2g1 Xf?& + oy

: (6.3)

here oy =1 In(f,/2v/3¢)) is an arbitrary constant. Since U is real, it follows from (6.3) that o, is real, and so f; is
also real. By writing v/3¢,/2 =k in (6.3) we recover the one-soliton solution as we found previously by Hirota’s
method (see Eq. (3.4) in [5]).

It is of interest to compare Eq. (6.3) with the solution of the fifth-order KdV-like equation discussed in [11]. The
spectral equation (4.2) is the same as that given by (1.1) (with R = 0) in [11], whereas the equation that governs the
time dependence of , i.e. (4.3), is different from (1.2) in [11]. Thus the X dependence of (6.3) should agree with the
x dependence of the solution given by (3.30) in [11]. With the identification U = 6Q, &, = 5, this is indeed the case.

Let us now consider the two-soliton solution of the transformed VE. In this case M is a 4 x 4 matrix. We will not
give the explicit form here, but we find that

detM = (1+q;+q + bzqfqg)z, (6.4)

where

V3 T
qi = €xp |:Téi X_3_CV; + o

i

B <5251>25%+55c352 65

L+¢&) v+

and o; =1 In(B,/2V/3¢,) are arbitrary constants. The two-soliton solution to the transformed VE as found by the IST
method is given by (5.17) together with (6.4). With the identification v/3¢; /2 =k (i =1,2) we recover the two-soliton
solution as given by Hirota’s method (see Egs. (4.1)—(4.5) in [5]).

Finally we note that comparison of (5.17) with (2.10) together with (2.5) shows that

In(detM) =2Inf (6.6)

so that det M is a perfect square for arbitrary N.

7. Conclusion

We have found the Backlund transformation both in bilinear form and in ordinary form for the transformed VE. It
enabled us to formulate an IST problem for the transformed VE which is directly related to a spectral equation of third
order. We have described how to obtain the N-soliton solution to the VE.



1826 V.O. Vakhnenko, E.J. Parkes | Chaos, Solitons and Fractals 13 (2002) 1819-1826
Acknowledgements

The authors thank Prof. A. Prykarpatsky for helpful comments. V.O.V. thanks Prof. I. Gabitov for stimulating
discussions. V.0.V. also thanks The Royal Society of the UK for a study visit grant that enabled the authors to study
the problem considered in this paper. This research was supported in part by STCU, Project N 1747.

Appendix A

The following identities (A.1), (A.2) are required in Section 3:

DY(Drf' - f) - (ff) = Dr[(DYS" - ) - (ff') = 3(Df" - f) - (Dxf" - f)], (A1)
ADr(DYf" - f) - (Dxf' - f) = Dx[(DrD%f" - f) - (f'f) + 2(DeDxf' - [) - (Dxf' - f) = (DYf - f) - (DS - )]
—~Dy(Drf" f) - (f'f). (A2)

Identities (A.1) and (A.2) come from
exp(D1)[exp(Da)f" - f1- [exp(Ds)f" - f]

1 1 . 1 (A3)
= exp (E{Dz — D3}) {exp { E(DZ + D;) +D1}j ~j] . [exp{E(Dz + D3) — D) }f/ f}
which is Eq. (5.83) in [8], where D; := &Dy + &;Dr. In the order &}d; (A.3) yields (A.1), and in the order J;e2e; (A.3)
yields (A.2).
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