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Abstract

A Backlund transformation both in bilinear and in ordinary form for the transformed generalised Vakhnenko
equation (GVE) is derived. It is shown that the equation has an infinite sequence of conservation laws. An inverse
scattering problem is formulated; it has a third-order eigenvalue problem. A procedure for finding the exact N-soliton
solution to the GVE via the inverse scattering method is described. The procedure is illustrated by considering the cases
N =1and 2.
© 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

The nonlinear propagation of deformation waves in a flexible long string is governed by the equation

+ sgn %
Uy g dS

where u is the transverse displacement and s denotes the arc length measured along the solution curve from some fixed
reference point on the string. The properties of (1.1), and in particular its loop-soliton solution, have been discussed by
many authors, see [1-9] for example. Some related equations were presented and studied in [3,10-14]. Some other
equations that have loop-soliton solutions are discussed in [15-17].

Recently we have introduced and studied three new equations which have loop-soliton solutions, namely the
Vakhnenko equation (VE) [18-23], the generalised Vakhnenko equation (GVE) [24], and the modified generalised
Vakhnenko equation (mGVE) [25]. The GVE and mGVE also have hump-soliton and cusp-soliton solutions.

The VE, namely

Uyx _

0 i 0 0
—9 =0 h D :=—+u— 1.2
ax u+u=0, where 9 at+uax, (1.2)
was first presented by Vakhnenko in [18] to describe high-frequency waves in a relaxing medium [19].
In [20-23] we discussed the multi-loop soliton solution to the VE with boundary condition u — 0 as |x| — oo. The
key step in finding this solution is to introduce the transformations
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X
x=0X,T)=T+WX,T)+x, t=2X, W:/ UX',T)dx’, (1.3)
—00

where x is a constant, u(x,¢) = U(X,T) = Wy(X,T), and it is assumed that, as |X| — oo, U — 0, the derivatives of W
vanish, and W tends to a constant. In terms of the new variables the VE may be written

the transformed VE. Solutions in implicit form to (1.2) are found by first solving (1.4) and then transforming back to
the original variables.
(1.4) may be solved by Hirota’s method. This is accomplished by writing

W= 6(Inf(X, 1)), (1.5)
so that (1.4) may be written as the bilinear equation
(D}Dy +D2)f - f =0, (L6)

where D is the Hirota D operator [26]. The 2 and N loop soliton solutions to (1.2) were obtained via (1.6) in [20,21]
respectively.
In [23] we derived a Backlund transformation associated with (1.4) and hence showed that the IST problem involves
a third-order eigenvalue problem; we went on to recover the N loop soliton solution to (1.2) by using the IST method.
The main aim of the present paper is to extend the investigation of the VE in [23] to the GVE [24], namely
0

1
Y2 1.2 _
o (9 u+2u +ﬁu>+@u—0 (1.7)

or equivalently

a—u—i-@ g@u—i—u—i—ﬁ =0,
Ox Ox

where f is a real arbitrary constant.
The transformed version of the GVE (1.7) is

X

Uxxr + UUr + UX/ Ur(X',T)dX"' + Uy + pUr =0, (1.8)
or equivalently

Wixr + (1 + W)Wy + Wy = 0. (1.9)
The corresponding bilinear equation is

F(Dx,D7r)f - f =0, (1.10)
where

F(Dx,Dy) := DyDy + Dy + BDxDr. (1.11)

Obviously, with § =0, (1.9) and (1.10) reduce to Egs. (1.4) and (1.6) respectively which are associated with the VE.
With f=—1and T' — —T, (1.9) and (1.10) are associated with the Hirota—Satsuma equation (HSE) for shallow water
waves [26,27]. The solution to the HSE by Hirota’s method is given in [27]. It follows that F(Dy, Dr), as given by (1.11)
with f = —1 and T — —T, satisfies the ‘N-soliton condition’ (NSC) [26]. When f < 0, the scalings

T— —ul, X —X/u, where u=+/—p, (1.12)

transform (1.10) into the bilinear form of the HSE. However this is not possible when f > 0. In [24] we showed that the
NSC does in fact hold for arbitrary nonzero § and went on to find the N-soliton solution to (1.7) via use of Hirota’s
method applied to (1.10). A novel feature of the GVE is that different types of soliton solutions are possible, namely
hump-like, cusp-like or loop-like.

As far as we are aware, the solution by the IST method to the HSE (i.e. Eq. (1.8) with f = —1 and T — —T) has not
been given explicitly in the literature. In this paper we present the IST method to solve (1.8) for arbitrary nonzero f# and
hence find the N-soliton solution to (1.7) subject to the boundary condition u — 0 as |x| — co.
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In Section 2 we derive the Backlund transformation and Lax pair for the transformed GVE. It is found that the IST
problem for the transformed GVE has a third-order eigenvalue problem. We also show that there is an infinite sequence
of conservation laws associated with the transformed GVE. In Section 3 we use the IST method to find the N-soliton
solution of the GVE. Finally, in Section 4, we consider the one-soliton and two-soliton solutions in more detail and
show that the solutions correspond to those derived via Hirota’s method in [24].

2. Backlund transformation, Lax pair and conservation laws for the transformed GVE

We will show that the Backlund transformation for (1.10) is given by the two equations
(D + BDx = 2(X)f" - f =0, @1
(3DxDr + 1+ w(T)Dx)f" - f =0, (22)

where A(X) is an arbitrary function of X and u(7) is an arbitrary function of 7. We follow the method developed in [28].
Consider the expression P defined by

P = [(DrDy + D3 + BDxDr)f" - f1ff = f'f'[(DrDy + D5 + BDxDr)f - f1, (2.3)
where f # f'. In [23] it was shown that

(DrDy + D) - f1f = f'f'[(DrDy + DY) - f1 = 2Dr(Dyf" - f) - (f'f) = 2Dx({3DrDy + 1}f"- f) - (Dxf" - f).
(2.4)

By using (2.4) and the identities (II.1) and (VIL.2) from [29], P given by (2.3) can be reduced to the form

P=2D({D} + BDy — A} - 1) - (f'f) = 2Dx({3DsDx + 1 + W(T)Dy '+ f) - (Dxf" - f). (2.5)

It is clear from (2.5) that if (2.1) and (2.2) hold then P = 0. Furthermore it then follows from (2.3) that if f is a solution
of (1.10) then so is f’ and vice-versa. Consequently, we have proved that the two Egs. (2.1) and (2.2) constitute a
Backlund transformation for Eq. (1.10). As expected, with f = —1 and T — —T, (2.1) and (2.2) become the Backlund
transformation for the HSE (see Eqs. (5.131) and (5.132) in [26]).

The inclusion of u in the operator 3Dy + u(T) which appears in (2.2) corresponds to a multiplication of f and f’ by
terms of the form e¢") and e¢'") respectively; from (1.5) we see that this has no effect on # or #’. Hence, without loss of
generality, we may take u = 0 in (2.2) if we wish.

By introducing the function

v=rif, (2.6)
and taking into account (1.5), we find that (2.1) and (2.2) reduce to

Yy + (B+ W)y — 2h =0, (2.7)

SYyr + 1+ Wr )Y+ wpy =0 (2.8)

respectively, where we have used results similar to (X.1)—(X.3) in [26].
From (2.7) and (2.8) it can be shown that

30 + (L + W)y — Warby + [Waxr + (B + Wy )(1 + W) + wily = 0 (2.9)
and
Waxr + (14 Wr) Wy + BWr] b + (B + wp)Ax = 0. (2.10)

In view of (1.9), (2.9) becomes
307+ (L+ W)Wy — Warthy + (B+ Ay =0, (2.11)

and (2.10) implies that 1y = 0 so the spectrum /1 of (2.7) remains constant. Constant 4 is what is required in the IST
problem discussed in Section 3. (2.7) and (2.11) are the Lax pair for (1.9). As expected, with f = —land T — —T, (2.7),
(2.8) and (2.11) are the corresponding equations for the HSE (cf. Egs. (A8a), (A8b) and (A10b) respectively in [30]).
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Following the procedure given in [26,31], we can rewrite (2.7) and (2.11) in terms of the potential /7. Recalling that

V¥ = f'/f, and noting that W’ — W = 6¢, and W' + W = 6py, where ¢ = Inf’/f and p = Inf"f, we find that (2.7) and
(2.11) give the following Backlund transformation in ordinary form:

(W' = W)y +3W = W)W + W)y + %W — W) + W — W) —6i=0, (2.12)

3UW — W), + [(1 W) (W = W)y + 20 = W) = Waer (W — W)]X —0. (2.13)

A method for deriving higher conservation laws via the Backlund transformation was given in [32,33]. The method

was applied to a higher-order KdV equation in [31]. Apart from a scaling factor and the term involving f, our (2.12) is

the same as (29) in [31], and our (2.13) is in conservation form like (30) in [31]. Not surprisingly, when the method is

applied to the transformed GVE in the form (1.8), we obtain conserved densities which, apart from scaling factors and

terms involving f3, agree with those given by Egs. (37)-(39) in [31]. We also deduce that an infinite sequence of con-

servation laws is associated with (1.8) and that, for example, the first two nontrivial conserved densities are U and
(U? = 3U% +3BU%).

3. The IST problem and its N-soliton solution

As shown in Section 2, the IST problem for the transformed GVE (1.9) has a spectral equation for i of third-order,
namely (2.7). The inverse problem for certain third-order spectral equations has been considered by Kaup [34] and
Caudrey [35,36]. The time evolution of y is determined from (2.8) or (2.11).

Following the method described by Caudrey [35], the spectral equation (2.7) can be rewritten

o
oxX

v 0 1 0 0 0 0
v=|{vy]. A=|0 0 1], B=|0 0 o0]. (3:2)
. LB 0 0 —W 0

We find the eigenvalue 4;({) of the matrix A from the equation

¥ =[AQ)+BX, |- ¥ (3.1

det(A — LE) = =1} — pA; + 4. =0, (3.3)

where E is the identity matrix. The relation (3.3) between the values A and 4; can be rewritten in parametric form with
{ as parameter, namely

- (8) o)
SONED!

where @, = e2"U~D/3 are the cube of roots of 1 (j=1,2,3). Because of the properties 4i({) =2 (=("),
72(0) = 23(=C7Y), 23(0) = 22(=C"") and A(0) = A(=¢7Y), it is sufficient to consider the values { located outside (or inside)
of the circle |{| = 1 only.

The right- and left-eigenvectors are

4j

1
vi(0) = (;%), V,(0) = (zj.+ﬁ,/1,.,1). (3.6)

It should be noted that the passage to the limit § — 0 must be carried out with /B held constant.

The general theory of the inverse scattering problem for N spectral equations has been developed in [35]. The so-
lution of the linear equation (3.1) (or equivalently (1.9)) has been obtained by Caudrey [35] in terms of Jost functions
¢,(X,{) which have the asymptotic behaviour
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@;(X, () :=exp{—24(0)X},(X, () = v;({) as X — —o0. (3.7)

Here T is regarded as a parameter until the T-evolution of the scattering data is taken into account later. The solution of
the direct problem is given by the equation system (4.5) in [35]. We shall restrict our attention to the N-soliton solution.
To do this we consider Eq. (6.20) from [35] by putting O;;({) = 0. Then there is only the bound state spectrum which is
associated with the soliton solutions.

Let the bound state spectrum be defined by K poles located, for definiteness, outside the circle |{| = 1. The relation
(4.5) from [35] is reduced to the form

K 3 0y _ 5
HIEEWWM&LJJMQWMM (8)

We need only consider the function @,(X,{) since there is a set of symmetry properties as for the Boussinesq
equation, namely the properties (6.15), (6.16) in [35] for Jost functions ¢ (X, ()

(X o) = (X, {fn) = 3(X, L), §,(X,0) = ¢,(X, ~") (3.9)

that follow from Egs. (3.2) and (3.4).
(3.8) involves the spectral data, namely the poles Cﬁk) and the quantities y,(j'.‘), First we will prove that Re4 = 0 for
compact support. Indeed, from (2.7) we have

(WX)XXX + [(ﬁ + WX)WX]X — MWy =0, (3~10)
and together with (2.8) this enables us to write

a * * *

o (el = Sl (4 W)~ PReil 0. G

Integrating (3.11) over all values of X, we obtain that for compact support Rel =0 since, in the general case,
Jo YT dx £ 0.

As follows from Eqs. (2.12), (2.13), (2.36) and (2.37) of [34], ¥/, () is related to the adjoint states y*(—(). In the usual
manner, using the dd]omt states and Eq. (14) from [36], and Eq. (2.37) from [34], one can obtain

Pix(X,0) = \/—[(151)(( = ) d (X, — 030) — ¢ 1x (X, — 030)d, (X, — ()] (3.12)
It is edsﬂy seen that lfC is a pole of ¢, (X, (), then there is a pole elther at Cm - C (if ¢, (X, —m,{) has a pole), or
at g w;gll) (if ¢,(X, —w;{) has a pole). For definiteness, let { 2 - fwzCl , then as follows from Eq. (3 12) the
point w;C should be a pole. However, this pole coincides with the pole Cl , since —(u;(( = —w3(—w ) C(ll).
Hence, the poles appear in pairs Q’ (2n—1) CEZ" under the condition {; (2n) / {(2" Y = _w,, where n is the number pair.

Let us consider N pairs of poles, i.e. in all there are K = 2N poles over which the sum is taken in (3.8). For the pair n
(n=1,2,...,N) we have the properties

() "V =ime, () =i, (3.13)

Since U is real and / is imaginary, either &, is real when 8 > 0 or &, is imaginary when f8 < 0, i.e. v/B¢, is real.
By considering Eq. (3.12) in the V1c1n1ty of the first pole Cz" Y of the pair n and using the relation (3.8), one can
obtain a relation between y 2= and y . In this case the functions ¢, (X, (), ¢1(X, —020), ¢ (X, —m,{) also have

poles here, while the functions ¢, (X, (u3C) ¢1x (X, —w3{) do not have poles here) Substituting ¢, (X,{) in the form
-1

given by (3.7) and (3.8) into Eq. (3.12) and letting X — —oo, we have y12 =173 =0 and the ratio
V(122"71) o, + (wzgyn)fl 314
= ) (3.14)
13 w}én + (w3Cn)
Therefore the properties of ,,/ ) should be defined by the relationships
(1) y122’1 K \/B’Vn[wzén + (wzgn)71]7 V123n v - 0 } (3 15)
(i) 75" =0, 15 = VBlosés + (038) 7],

where y, are arbitrary constants. We will show below that y, is real when Wy is real.
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Following [23] we expand &;(X, () as an asymptotic series in /;'({) to obtain

[W(X) — W(—o00)]+ 0 (0). (3.16)

On the other hand, we may rewrite the relationship (3.8) as (see, for instance, Egs. (6.33) and (6.34) in [35])

(k)

3
P (X) = 71 exp{i ()X} (X, 0, C1).
j=2

From (3.16) and (3.17) it may be shown that (cf. Eq. (6.38) in [35])
K
W(X) = W(—00) = =33 exp{—a ((}")X} ¥, (X) = 3% In(det M). (3.18)

The matrix M is defined as in the relationship (6.36) in [35] by

5 — Sy P = MY
= ) - e

Now let us consider the T-evolution of the spectral data. By analyzing the solution of Eq. (2.8) when X — —oo
together with (3.7), we find that

9., T,0) = exp [ — (34(0))"'T] 9,(x.0.0).

Myu(X) = (3.19)

Hence the T-evolution of the scattering data is given by the relationships (with £k = 1,2,...,K)

() = 10),
A = Oe{| - (1) "+ (3aa) |7} } (320
The final result, including the 7-evolution, for the N-soliton solution of the transformed GVE (1.8) is
U(X,T):WX(X,T):3%22111(detM(X,T))7 (3.21)
where M is the 2N x 2N matrix given by
T ewp{ | = (32,) "+ (3m(@) |7+ () - e )} -
= v L0y = a) .

and
n=12,....N, m=2n—1,

(@) = VBBl + (@) ] ) = 1VBBlosé, + (@:8,) 7]

700) = /Byn(0) [ + (@), HW =0,

) = T 0360, ) = T+ 0350
=0, 950) = VB (0)[s&, + (@38,) ']

For the N-soliton solution there are N arbitrary constants ¢,, and N arbitrary constants y,,. We note that comparison
of (1.5) with (3.21) shows that

In(detM) =21Inf (3.23)

so that det M should be a perfect square for arbitrary N.



V.0. Vakhnenko et al. | Chaos, Solitons and Fractals 17 (2003) 683692 689

Finally, the N-soliton solution of the untransformed GVE (1.7) is given in parametric form by
ulx,t) =U0(,T), x=0tT), (3.24)
where 0(X, T) is defined in (1.3).

4. Examples of one- and two-soliton solutions

In order to obtain the one-soliton solution of the transformed GVE (1.8) we need first to calculate the 2 x 2 matrix
M according to (3.22) with N = 1. The elements of the matrix are

My =1 =00+ (o) expl2e( - 1),
-1
My — Vi | [mé + (wZél),l] exp {Zi\/ﬂ—/3[w3ijl + (038X — 2ch},
2 [w351 (60351) ] (4 1)
_ Vi [ (o3& + (@3¢0) 7] . . : '
=y { ot (e [P AV st (02 = 2her .
My =1- \/2[_?1 [m3&) + (w3§1)_1} exp[2k(X — ¢T)]
and the determinant of the matrix is
2
detM = {1 +4 <§' )exp [2k(X — cT)]} , (4.2)
1

where k = /B(& — &")/2and ¢! = B(& + &7 — 1). Notice that this determinant is a perfect square; this is consistent
with (3.23).
From (3.21) and (4.2), the one-soliton solution of the transformed GVE (1.8), as obtained by the IST method, is

U(X,T) = 6k*sech’[k(X — cT) + o], (4.3)

where

1o n g+t
a]_21n|:2<f%1 .

o is an arbitrary constant. Since U is real, it follows from (4.3) that o, is real; moreover, since /B¢, is real, 7, is also
real. (4.3) agrees with the one-soliton solution to the transformed GVE as found by Hirota’s method and given by (4.1)—
(4.4) in [24].

In a similar way (details omitted) we find that for the two-soliton solution M is a 4 x 4 matrix for which det M is a
perfect square given by

2
detM = (1+q7 + ¢ + bL,q195) ", (4.4)
where
q; = exp 2k;(X — ;T) + o], (4.5)
3
g _(s-&-a+s é§—6§3+5‘f—6f3 (4.6)
= -1 —1 23 & 3 ) ’
&G-&G +&4-¢ s-& -8+

ki = \/B(éb'—l - 527,-171)/27 Cfl = ﬁ(égm + 5271'271 -1,

_ l In V2i—1 fgm +1 )
2 2 éz:'—l -1
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The o; are real arbitrary constants. The relationship (3.21) together with (4.4) gives the two-soliton solution of (1.8).
(4.4)-(4.6) agree with the two-soliton solution as found by Hirota’s method and given by (7.1)—(7.7) in [24].

In passing we note that in the limit § — 0 with \/B¢; held constant, the one- and two-soliton solutions given above
reduce to the ones obtained in [23] for the VE.

By combining the above results with (3.24) we obtain the one- and two-soliton solutions to the GVE. As discussed in
detail in [24] the shape of the one-soliton solution to the GVE (1.7) depends on the value of ¢ := f/k*. Examples of

q=- q=-4.2 q=-3.8
u
0Ls - - - _N_ _ |
q=0 q=2 q=3
u
0
x-c't

Fig. 1. Hump-like u(x, ) for ¢ = —5, —4.2 and 5; loop-like u(x,¢) for ¢ = —3.8 and 0, and the cusp-shaped u(x, ¢) for ¢ = 2.

(D
t=-8 O

-30 -20 -10 0 10 20 30
X

Fig. 2. The interaction process for » = 0.6 and s = —2.7.
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loop-like and hump-like solitons, and the cusp-shaped soliton, are illustrated in Fig. 1 where u is plotted against
x — ¢~ 't. The interaction process between the solitons in the two-soliton solution to the GVE was also discussed in detail
in [24]. The character of the interaction depends on the values of 7 := k; /k, and s := §/k3. An example of an interaction
is given in Fig. 2 where u is plotted against x at several equally spaced values of .

5. Conclusion

We have extended our work on the VE (1.2) presented in [23] to the GVE (1.7). In particular in Section 3 we found
the N-soliton solution of the transformed GVE by using the IST method. This result, together with (3.24), gives the N-
soliton solution to the GVE. In principle this solution is equivalent to the one in [24] as derived by Hirota’s method. In
Section 4 we showed that the one- and two-soliton solutions to the GVE discussed in detail in [24] are recovered ex-
plicitly.
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